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COMMUNICATION SCENARIO

GOAL 1S FOR ALICE TO CONVEY N BITS TO BOB
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COMMUNICATION SCENARIO

GOAL IS FOR ALICE TO CONVEY N BITS TO BOB
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COMMUNICATION SCENARIO

GOAL IS FOR ALICE TO CONVEY N BITS TO BOB

X1, Xz,..., Xn (BITS)
ALICE ~ BOB
X, Xz, ..., Xy

vy

QUBIT COMMUNICATION: COST ISN [HOLEVO]
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HOLEVO'S THEOREM-EASY CASE
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COMMUNICATION SCENARIO

GOAL IS FOR ALICE TO CONVEY N BITS TO BOB

W

Xi, Xz,..-, Xy (BITS)

ALICE = BOB
X G X

BIT COMMUNICATION WITH PRIOR ENTANGLEMENT:
COST IS N




COMMUNICATION SCENARIO

GOAL 1S FOR ALICE TO CONVEY N BITS TO BOB

i

Xy, Xz, .., Xn (BITS)

[ =

ALICE ~  BOB
XI; Xi; “xisy XH

QUBIT COMMUNICATION WITH PRIOR ENTANGLEMENT:
COST IS 3N [BENNETT, WIESNER '92]




COMMUNICATION
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QUBIT COMMUNICATION
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BIT COMMUNICATION WITH PRIOR ENTANGLEMENT
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QUBIT COMMUNICATION WITH PRIOR ENTANGLEMENT
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A NON-LOCALITY SCENARIO

INPUT: X (1BIT) é (1BIT)
OUTPUT: A (1BIT) B (18IT)
DESIRED: A®B = XAY XY |A®B

O0l o

01l o

1 0] 0

I 1

EASY TO ACCOMPLISH WITH 1 BIT OF COMMUNICATION
WHAT ABOUT O BITS OF COMMUNICATION




A NON-LOCALITY SCENARIO

INPUT: X (1BIT) Y (1BIT)
OuTeuT: A (1BIT) B (18IT)
DESIRED: A®B = XAY XY |A®B

ool o
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1 1. 4

WITH O BITS OF COMHMUNICATION AND:
« CLASSICAL SHARED RANDOMNESS, PR[A®B=X+Y]<0.75
» QUANTUM ENTANGLEMENT, PR[A®B = XAY ]~ Ofﬁ

Cos*(11/8)



2 Communication
Complexity




CLASSICAL COMMUNICATION COMPLEXITY
[YAO ‘797
XXz Xy YL

b 2 ©

FOX,Y)
EXAMPLE F(XY)= EQ(X,)Y)= { 1 IF X=Y
0 IF X+Y

VY

Y

o ANY DETERMINISTIC/EXACT PROTOCOL REQUIRES
N BITS COMMUNICATION

* PROBABILISTIC/ ERROR PROBABILITY € PROTOCOLS
REQUIRE ONLY O(LOG(N/E)) BITS COMMUNICATION

AT) = X+ X T+ X T2+ X T (MODF)
B(T) = Mt TE S To+ =+ YT (MODIP)

WHERE P PRIME AROUND N/E
TEST WHETHER A(T)= B(T) (MODP)



QUANTUM _COMMUNICATION COMPLEXITY

QUBIT COMMUNICATION: ™ Xn _:r. Yo Yo
0457 Q——==
FX,Y)
PRIOR ENTANGLEMENT: O /)
[C, BUHRMAN 'q?] H-Ex” \‘:Yg”
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INTERSECTION

"APPOINTMENT SCHEDULING"

4 5 .- H
O
« CLASSICALLY ORDER N BITS OF COMMUNICATION

ARE NECESSARY TO SUCCEED WITH PROBABILITY23
[ks'87]

 QUANTUM MECHANICALLY, Q(IN)) QUBITS OF
COMMUNICATION SUFFICE TO SUCCEED WITH
PROBABILITY = 1-E (FORANY £>0)
[BCW ‘98 [HdW 02][AA 03]

o

2 SUCH THAT
X;=Y=1



SEARCH PROBLEM

1 2 3 4 5 § ..- N

aiven: - X 10000101

ACCESSIBLE VIA QUERIES
LGN {

1 {

GOAL: FIND Zé€{12,-.,N} SUCH THAT X;=1

CLASSICALLY, ORDER N QUERIES ARE NECESSARY
TO SUCCEED WITH PROBABILITY >3

FOR ALL £€>0, O(/N) QUERIES SUFFICE TO
SUCCEED WITH PROBABILITY = 1- & [GROVER '961]
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"SCHEDULES™ ALICE X |01101---0

BOB ¥ 10D ]
Xy [00001 - 0
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BOB ALICE BOB

COMMUNICATION COST FOR SIMULATING
ONE XAY-QUERY 1S: 2(LOGN+3) QUBITS

NUMBER OF XAY-QUERIES: OWN) [GROVER]

TOTAL COMMUNICATION: OWN'LOGN) QUBITS

CAN BE IMPROVED TO OW/N) WHICH IS OPTIMAL
[RAZBOROV '02]



BIT COMMUNICATION INTERSECTION PROBLEM
COMMUNICATION COSTS

£l 3 =G W)

(BITS)

QUBIT COMMUNICATION

Q==0 Oom

{@UBITS)

BIT COMMUNICATION WITH PRIOR ENTANGLEMENT

(DD (G ENTANGLEMENT (DT

= () O(IN)
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(BITS)

QUBIT COMMUNICATION WITH PRIOR ENTANGLEMENT

G ) ENTANGLEMENT (T (T[T

A=——=0 om
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(QUBITS)




OTHER QUANTUM VS CLASSICAL
COMMUNICATION COMPLEXITY RESULTS

* O(LOGN) QUANTUM VS ORDER N CLASSICAL
FOR EXACT PROTOCOLS [B.C,W '"q8]

e O(LOGN) QUANTUM VS ORDER =N* CLASSICAL
FOR BOUNDED-ERROR (<€) PROTOCOLS L[RAZ'99]




INNER-PRODUCT

IP(XJY) = XaYt +X1Yz+"’+XuYu (HaDULD 2)

ORDER N COMMUNICATION NECESSARY FOR
BOTH QUANTUM AND CLASSICAL PROTOCOLS
[KY 95][CDNT ‘97]



MULTI-LINEAR INTERPOLATION PROBLEM
F:{0.11" —{0,1}
F(xl,,":.?{ﬂ) = A. X + Aa_)(;*' ““"Au Xy MOD 2

GIVEN:

X IXi)
12y 1 X2y
|'}£u} I}{H:}
1Y) IY®F(Xi,.., Xn)>

GOAL: DETERMINE A, As,--, Ax

CLASSICALLY N QUERIES NECESSARY



MULTI-LINEAR INTERPOLATION PROBLEM
F:{o.1}" —{0,1}

FXy- X)) = A X+ Az Xzt -+ A Xy MOD 2

GIVEN: o g T 1A
JD} 1 Hﬂlﬁh}
10—t :
|0) —H] Ay
1
1 —~H 711y H=gl; 4

GOAL: DETERMINE A, As,--,Ax

CLASSICALLY N QUERIES NECESSARY

"QUANTUMLY," 1 QUERY SUFFICIENT
[BERNSTEIN, VAZIRANI '93ILTERHAL, SMOLIN '97]



PROOF THAT N QUBITS COMMUNICAT ION
ARE NECESSARY FOR INNER PRODUCT

> - 1% My - IYed 12>

2t - d ]

ALICE & BOB'S PROTOCOL FOR IR

ALICEZ BOBS PROTOCOL INVERTED

|

1> = Xw) ) - Iv) [Z&(x-Y))




PROOF THAT N QUBITS COMMUNICATION
ARE NECESSARY FOR INNER PRODUCT

10> 6% o} 11y

X2 -+ |Xw)

| [ ]
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-

H
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ALICE & BOB'S PROTOCOL FOR I.P

F

ALICES BOB's PROTOCOL INVERTED

]

ll.:'ﬁ} qu}
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tm} ves

[F1]
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Xy 11D

SINCE N BITS ARE CONVEYED FROM ALICE
TO BOB, £2(N) QUBITS COMMUNICATION
MUST OCCUR (BY HOLEVO'S THEOREM)







EQUALITY REVISITED

IN THE SIMULTANEOUS MESSAGE MODEL
Xl_,.-._‘.x” “‘...,YN

6]

F(X,Y)

EXACT PROTOCOLS REQUIRE 2N BITS /QUBITS
COMMUMICATION




EQUALITY REVISITED

IN THE SIMULTANEOUS MESSAGE MODEL
Xi,.-, X

F(X.Y)

BOUNDED-ERROR PROTOCOLS WITH A SHARED KEY

7

PRLOOI=PRL11]1=%

REQUIRE ONLY A CONSTANT NUMBER OF BIIS
OF COMMUNICATION

ERROR-CORRECTING CODE:

CeX) = Iﬂltiﬂlﬂtta.{btja LEN4TH O(N)
GCY) =20t o

oloo Il Oolo

K O{oaN) 8ITs



EQUALITY REVISITED

IN THE SIMULTANEOUS MESSAGE MODEL
X,,..., X Y.

F(X,Y)

BOUNDED-ERROR PROTOCOLS WITHOUT A SHAREDKEY

« CLASSICAL: ORDER IN' BITS [A‘w][\ns '96]
« QUANTUH: ORPER LOGN BITS [BCWdW '01]



QUANTUM FINGERPRINTS

« HOW MANY ORTHOGONAL STATES IN
K= LOGN+ Of1) QUBITS?
ANSWER : 2% = O(N)

" VHOW MANY ALMOST*ORTHOGONAL STATES IN
K= LOGN + Of1) QUBITS? (¥ Kdeld,)l <E)
ANSWER:




QUANTUM FINGERPRINTS

« HOW MANY ORTHOGONAL STATES IN
K= LOGN+ O(1) QUBITS?
ANSWER : 2% = O(N)

« HOW MANY ALMOST*ORTHOGONAL STATES IN
K= LOGN+ O1) QUBITS? (¥ I<d:10,5] €E)

K-oh N

ANSWER: 22" =2

* DOES THIS ENABLE N BITS T0 BE "COMPRESSED"
INTO LDGN+ O(1) QUBITS?
ANSWER:




QUANTUM FINGERPRINTS

« HOW MANY ORTHOGONAL STATES IN
K= LOGN~+ O(1) QUBITS?
ANSWER : 2% = O(N)

 HOW MANY ALMOST ORTHOGONAL STATES IN
K= LOGN+ O1) QUBITS? (¥ I<bc1b,)| <E)
ANSWER: 22°7°" _ 5N

« DOES THIS ENABLE N BITS TO BE "COMPRESSED"
INTO LDOGN-+ O(1) QUBITS?
ANSWER: NO! —HOLEVO'S THEOREM

« HOWEVER, IT DOES ENABLE ONE TO CHECK
IF X=Y OR X#Y BY ONLY EXAMINING |®:>, |@,)

10 i it HD— PR[outpur=0] =

== .
) : =i




QUANTUM PROTOCOL FOR EQUALITY
IN THE SIMULTANEOUS MESSAGE MODEL
Xy, ..., Xn Yol

16 19y

l
ORTHOGONALITY
TEST

!

O(LOGN) QUBITS vs. ©(IN’) BITS CLASSICALLY




RESTRICTED EQUALITY REVISITED

WITH DISTRIBUTED OUTPUTS
EXAMPLE [BRASSARD,C, TAPP '99]

INPUT: X (N@ITs) Y (NBITS)
@ﬂﬂﬂl @ P96
OUTPUT: A (LOGN BITs) B (LOGN FITS)

PRECONDITION: X=Y OR A(X,Y) =3 N

REQUIRED POSTCONDITION: | A=B IF X=Y
G A#B IF XY

« CLASSICALLY, Q.(N) BITS COMMUMICATION
NECESSARY

« WITH LOGN PAIRS OF ENTANGLED QUEITS,
NO COMMUNICATION NEEDED AT ALL !




BIT COMMUNICATION it

Q) = = QN

(BITS)

QUBIT COMMUNICATION

18) = "'i éj O(LoG(N))

(QUBITS)

BIT COMMUNICATION WITH PRIOR ENTANGLEMENT

V(D () ENTANGLEMENT (T[T

@_‘ = @ ZERO

QUBIT COMMUNICATION WITH PRIOR ENTANGLEMENT

DT G ENTANGLEMENT [T (T[T

o= 2 @} ZERD

(@UBITS)




CONCLUSIONS

* QUANTUM INFORMATION AFFECTS
COMMUNICATION COMPLEXITY IN
AN INTERESTING WAY

« LOTS OF INTERPLAY BETWEEN
COMMUNICATION COMPLEXITY AND:
- INFORMATION THEORY
- COMPLEXITY THEORY
— BELL NONLOCALITY



