QUANTUM VS CLASSICAL CIRCUITS

THEOREM 1: A CLASSICAL CIRCUIT OF
SIZE S CAN BE SIMULATED BY A QUANTUM
CIRCUIT OF SIZE OfS)

IDEA: USING TOFFOL! QATES, ONE CAN SIMULATE

® 2 e

IF CLASSICAL CIRCUIT COMPUTES f:Hoi1}" —1{013"
THEN RESULT IS A QUANTUM CIRCUIT THAT
COMPUTES A UNITARY MAPPING SUCH THAT
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THIS IS FINE AS LONG AS INPUT 1S NOT
IN SUPERPOSITION




IN QUANTUM ALGORITHMS, IT IS SOMETIMES
USEFUL TO CONSTRUCT STATES OF THE FORM

%H:-:H 269,

USING THEOREM 1, WE ONLY OBTAIN
Z; X3 Fo g0

WHICH MAY HAVE ENTANGLEMENT WITH

THE LAST REGISTER

THEOREM 2: A CLASSICAL CIRCUIT OF SIZE §
CAN BE SIMULATED BY A QUANTUM CIRCUIT OF
SIZE O(S) THAT COMPUTES THE MAPPING
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IN SUPERPOSITION, THIS RESULTS IN
(S 1X01F60)) [0--0>
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SKETCH OF PROOF_OF THEOREM 2:
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THEOREM: A QUANTUH CIRCUIT OF SIZE 8§ CAN

BE SIMULATED 8Y A CLASSICAL CIRCUIT OF
SIZE Of2%%) (FOR SOHE COMSTANT €J.

IDEA: TO SIMULATE AN N-QUBIT STATE,
USE AN ARRAY OF SIZE 2™ CONTAINING
VALUES OF 2™ AMPLITUDES WITH PREGSION 27"

Oluf oo G| | | | [

« ADTUST THIS STATE VECTOR WHENMEVER
A UNITARY OP IS TO BE PERFORMED

*BY LOOKING AT FINAL AMPLITUDES CAN
DETERMINE HOW TO SET EACH OUTPUT &IT

EXERCISE : SHOW HOW TO PO THE SIHULATION

USING ONLY A POLYNOMIAL AMOUNT
OF SPACE (1L.E MEMORY)



SOME COMPLEXITY CLASSES

P POLYNOMIAL TIME

PROBLEMS SOLVED BY O(N®)-sIzE
CLASSICAL CIRCUITS (PECISION PROBLEMS
AND UNIFORM CIRCUIT FAMILIES)

BPP BouNPEP-ERROR W%-nﬁe

PROBLEMS SOLVED BY OU(N°)-SIZE PROBABILISTIC
CIRCUAITS THAT ERR WITH PROB <7

BOP BOUNDED-ERROR QUANTUM POLY-TIME

PROELEMS SOLVED BY OMNS)-SIZE QUANTUM
CIRCUITS THAT ERR WITH PROE <4

PSPACE POLYNOMIAL-SPACE

PROEBLEMS SOLVEP BY POLYNOMIAL—-SPACE
TURING MACHINES

EXPTIME EXPONENTIAL-TIME
PROBLEMS SoLvED BY 02" )-512E CIRCUITS



OUR RESULTS IMPLY THAT

P SBPP SBOP S PSPACE SEXPTIME



SUPERDENSE  CODING

SUPPOSE ALICE WANTS TO CONVEY TWO
CLASSICAL BITs To B0F SENPING TUST ONVE QUEIT

ab
HLH.'E@ I = @5.5&

ab
RECALL THAT BY HOLEVO'S THEOREM, THIS 15 IHPOSSIRL

IN SUPERDENSE CODING, BOB CAN SEND A QUBIT
TO ALICE FIRST
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HOW CAN THIS HELP?



HERE'S HOW SUPERDENSE CODING WORKS:

» BOB CREATES THE STATE 3 lood & I11> AND
SENDS THE FIRST QUEIT TO ALICE

“ALICE: IF a=1 THEN APPLY o3 =[5 ol TO QU&IT
IF b=1 THEN AFELY & = [» 3] TO QUBIT

ab| sTATE
00 | &loo>+ &1 |
! 0 100> = g 111D .i
|10 | @lony =+ ¢ 110}

(1| dion L

"BELL BASIS"

THEN ALICE SENDS THE QUEIT BACK T2 60F
» BOBE MEASURES THE TWo @UeiTs "IN BELL BASIS"



SPECIFICALLY, BOB APPLIES

T
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TO THE TWO GQUBITS

INPUT | OUTPUT
& los> + & I 1)
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AND MEASURES HIS TWO GUBITS YIELDING ab



TELEPORTATION

SUPPOSE ALICE IMISHES TO CONVEY A QUEIT
TO BOB SENPING JUST CLASSICAL 6115

3 aner+3113
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IF ALICE KNOWS o AND 3, SHE CAN SEND
APPROXIMATIONS OF THEM —HOWEVER, THIS

REQUIRES INFIMITELY MANY BITS FOR
PERFECT PRECISION

MOREOVER, IF ALICE POES NOT KNOW o AND £,
SHE CAN AT BEST ACQUIRE 1 BIT OF
INFORMATION  ABOUT THEM EY A MEASUREMENT



IN TELEPORTAT ION, ALICE AND BOB ALSO SHARE
A BELL STATE
o o /301> @- —————— if"!-'?ﬂ-}__l—_é.li? ________ i

) —a———=0

AND ALICE CAN SEND TWO CLASSICAL BITS TO BOF

HERE'S HOW IT WORKS:
INITIAL STATE  (otlod+A1))(1k 1003 = ¢ 111)

= floood + 101D + £ 11000 +£ (111>

= F(vE 100>+ & 1113 Jetiod +811)
+L (G100~ (1) et 1) 8 16))
+ 1 o + G 11O) 1oy —311Y)
45 1o vz [100) (et I -810)

« ALICE MEASURES HER TWo QUBITS IN THE BELL
BASIS AND SEMDS THE RESULTS TO FOF



SPECIFICALLY, ALICE APPLIES

Tao

YIELPING THE STATE

(00, «loy+B311>)  PROB 2
J (0L, Blby+l1d)  PROB £
(10, «1>-A11>)  PROB 4
(11, Bloy-o11))  PROB +

ALICE SENPS HER TWY CLASSICAL BITS TO BOE
WHO THEN APTUSTS HIS QUSBIT TO BE =lo>+ 511
WHATEVER CASE OWCURS
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00 olod +411)

01 Ox (Blo> +<D) = etley+BI1)
10 Oz (otlo) =A11) = otlod+p11>
11 0x0z (Blod —etitd) = eelod +514>



SPECIFICALLY, ALICE APPLIES

Too

YIELPING THE STATE

(00, «ley+A31>)  PROB %
(01, Bloy+elld)  PROB %
(10, «>-Bi1>)  PROB 4
(11, Biv-otiLy)  PROB #

ALICE SENPS HER TWO CLASSICAL BITs TO BOB
WHO THEN APTUSTS HIS QUEIT TO BE =0+ 511
WHATEVER CASE OCCURS

DOES THIS RESULT IN TWYD COPIES OF x(op+F11>7T
NO, ALICE'S COPY OF THE QUBIT GETS
PESTROYER WHEN SHE HMEASURES IT



NO-CLONING _THEOREM: IT IS IMPOSSIELE TO
BUILD A GUANTUM "COPIER" THAT MAFS
pClad+R10) [0 TO  [@Iop+310) (&> +811>)

PROOF IDEA:
| O B e . |y —] 1=

? AND b (1>
|0 [ |y - 1%

SO, BY LINEARITY,
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WHICH 1S INCONSISTENT WITH
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0y —_ F— 10>+ 510




CONCLUSION

« WE HAVE INTRODUCED THE CONCEPT
OF QUANTUM INFORHATION, A
GENERALIZATION OF CLASSICAL
INFORMATION

* QUANTUM INFORHATION 1S THE EBASIS
OF NEW FAST ALGORITHMS

* QUANTUM INFORHATION 1S THE BASIS
OF NEW 3SECURE CRYPTOSYSTEMS

* QUANTUM INFORMATION CAN BE USED
TO PERFORM VARIOUS OTHER FEATS
IN INFORMATION PROCESSING, SUCH
AS SUPER-DENIE CODING AND
TELERORTATION — AND OTHERS THAT
WE'LL SEE LATER



