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Proofs

A proof system should have the following
properties.

every true statement
should have a proof.

no false statement should
have a proof.

it should be easy to verify
the correcteness of a proof regardless of
how hard it might be to find one.




A simple proof system

iIs a proof if that isin if

It might be hard to find such a proof
but it is easy to verify its correcteness.




The class |\|P

A set (of strings) is in if there is a
polynomial time algorithm  such that:

is the class of sets (of string) having
polinomial time chechable proof system.




World tour problem

The world tour (a.k.a. )
problem: Given a list of cities and a cost to
travel between each pair of cities, is there a
tour that costs less than ?

IF there are cities to be visited there are
possible tours. One might have to

compute the cost of every tour before finding

one with cost less than . The set is in

given a list of cities, a table of cost, a budget

and a tour, it is possible to verify the that the

tour is within the budget in polynomial time.




World tour problem
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Problems in \|P

Giving a list of courses with the
students attending, is it possible to produce a
schedule using periods without any conflict?

given a graph , is there a clique of
Size at least in ?

given , and , is
there a such that ?




NP-Corriplats

A problem is in if there is a polynomial
time algorithm to solve it.

A problem is If it is in and if
every problem in reduces to it in
polynomial time.

are

The most important question in complexity
IS: ?




NP and the quantum computer

A problem is in if there is a

polynomial time quantum algorithm to
solve it.

No problem is known to be in

Using Grover’s algorithm it is possible to

obtain a quadratic speedup on the
gquantum computer.




Quantum proof

What happens if we consider quantum proofs?

A classical proof is a string; a quantum proof has to
be a quantum state.

A classical proof is verified by a classical program.

A quantum proof would be verified by a quantum
circuit.

Classical proof systems are usualy deterministic; a
quantum proof might as well be probabilistic.

Does there exist problems that don’t have a short
classical proof but have a short quantum proof?




COM A

A set (of strings) has a quantum is in
If there exists a polynomial time algorithm
such that:

Is there some problem in not known to
bein ?




Finite group

JA is a set with an operation
such that:




Example of a finite group (1)

Integer mod with addition forms a finite group




Example of a finite group (2)

Integer mod with multiplication forms a finite
group when is prime.

Clearly

Fermat’s theorem says




Example of a finite group (3)

Modular arithmetic nicely generalizes to
by matrices of integers mod

The multiplication is done modulo

The set of all by invertible matrices mod
forms a group ( ).

The neutral element is the identity matrix.




Example of finite group

A simple way to define a group is to consider
the subset of a group defined by some
generators.

A group can be defined by
generating elements

is the set of elements
that can be obtained by the multiplication of
some generator.

a natural question is:
Given generators , IS in the
group ?




Example of finite group

Consider the group  generated by (

Does Dbelongto °?

In that case it is true and easy to verify.
What about the general case?




Group membership problem

Given generators , IS

in the group obtained by multiplication of the
generators?

For all groups, group membership is in

For some groups, like the matrix group, it is not
known if group non-membership is in

No short proofs are known in general for non-
membership of a group.

For any group, group non-membership is in




The quantum proof

For the group

The state

IS @ quantum proof for non-membership for
any notin

(Note: this state might be difficult to create.)




Properties of

Forany in let




Testing membership

Knowing , there are unitary transformations

and

Consider




We apply to the first qubit and obtain




Soundness

If the the state we start with is the right one,
we can test non-membership probabilistically.

Maybe in the case where is a member there
exists a state that will succeed with some
probability.

We need a way to verify or ensure that the
state is the correct one.




Increasing the quality of the proof

Before we use the test to verify that is
not in the group we will generate (using the
generator) several elements of and
perform the test with them.

If the state is then all tests will
succeed and the state will remain
unchanged. Otherwise, one of the tests will
fail or we will obtain a state almost equal to




Increasing the quality of the proof

We are provided with the state
We perform the test with element

The resulting state when the test succeeds is
better than the original state.




