UNIVERSITY OF CALGARY

Process Tomography of Photon Creation and Annihilation Operators

Ranjeet Kumar

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE

DEGREE OF MASTER OF SCIENCE

DEPARTMENT OF PHYSICS AND ASTRONOMY
AND

INSTITUTE FOR QUANTUM INFORMATION SCIENCE

CALGARY, ALBERTA

June, 2012

© Ranjeet Kumar 2012



UNIVERSITY OF CALGARY

FACULTY OF GRADUATE STUDIES

The undersigned certify that they have read, and recommend to the Faculty of Graduate Stud-
ies for acceptance, a thesis entitled ‘“Process Tomography of Photon Creation and Annihilation
Operators” submitted by Ranjeet Kumar in partial fulfillment of the requirements for the de-

gree of MASTER OF SCIENCE.

Supervisor, Dr. Alexander 1. Lvovsky
Department of Physics and Astronomy

Dr. Christoph Simon
Department of Physics and Astronomy

Dr. Paul Barclay
Department of Physics and Astronomy

Dr. John S. Nielsen
Department of Electrical Engineering

Date



Abstract

The photon creation and annihilation operators are cornerstones of the quantum description of
the electromagnetic field. They signify the isomorphism of the optical Hilbert space to that
of the harmonic oscillator and the bosonic nature of photons. We perform complete experi-
mental characterization (quantum process tomography) of these operators. By measuring, via
homodyne detection, their effect on coherent states, we obtain their process tensor in the Fock
basis, which explicitly shows the ’'raising’ and ’lowering’ properties of these operators with
respect to photon number states. To the best of our knowledge, this is the first experimental
demonstration of complete tomography of trace-non-preserving quantum processes.

All output states are characterized through their corresponding Wigner functions. Results
are also validated through theoretical modeling. Furthermore, the photon addition and subtrac-
tion operations are characterized through the diagonal elements of the process tensors and are

validated through theoretical generated data using Monte Carlo simulation.
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Chapter 1

Overview

Quantum operators of annihilation & and creation &' of bosonic particles act on states with a
definite number m of identical particles, resulting in that number being incremented or decre-

mented, respectively:

atlmy = Vm+1|m+1) (1.1)
Vm|m—1)

alm)

First proposed by Dirac in his 1927 Quantum Theory of the Emission and Absorption of Ra-
diation [1], these operators play an enormous role in many fields of physics and chemistry:
quantum mechanics, quantum optics, quantum chemistry, quantum field theory and condensed
matter physics. Specializing to optics, they are instrumental in quantum description of light,
giving rise to theory of fundamental phenomena such as spontaneous emission and lasing.
Equally important is practical implementation of photon creation and annihilation, which pro-
vides us with a universal toolbox for manufacturing arbitrary quantum states of light, required
for quantum information processing and quantum communications [2, [3]].

Implementation of these operators is however challenging. This is because a and &' do not
preserve the trace of a state’s density matrix, which means they cannot occur in the framework
of deterministic Hamiltonian evolution of a physical system. Therefore realization of bosonic
creation and annihilation is only possible in an approximate, non-deterministic fashion. That is,
the action of operators occurs with probability less than one, but is heralded by a classical event.
This method has been employed in the context of traveling optical photons. First successful
realization of the photon creation operator by Zavatta et al. [2]] gave rise to a new class of states

known as photon added states.



In 2006, Ourjoumtsev and colleagues applied the photon annihilation operation to the
squeezed states generating optical ”Schrgdinger cats” [3]]. Neergaard-Nielsen et al. gener-
alized this approach in 2010 to generating arbitrary continuous-variable qubits [4]. In 2007,
Parigi et al. verified non-commutativity of & and &' in application to the thermal state [3].

In order to include the photon creation and annihilation operations into the quantum tech-
nology toolbox, we need to develop methods of their characterization and performance testing.
This is the purpose of the present work. We implement & and &' experimentally and analyze
them as quantum “black boxes”, or quantum processes. By probing them with coherent optical
states (weak laser pulses) of different amplitudes and measuring the quantum fluctuations of
the output electromagnetic field, we determine how these black boxes would affect any arbi-
trary state of light within a practically relevant subspace of the optical Hilbert space [6]. In
particular, for the first time since the photon creation and annihilation operators have been dis-
covered, we explicitly observe their action on the photon number states to be in accordance
with Eq.

The method employed for the characterization of quantum processes relies on the optical
equivalence theorem [6]. According to that theorem, the density operator of an arbitrary state

can be written as a linear combination of coherent-state density operators,

p= f Pya) | aXa | da, (1.2)

where Pj(a) is the Glauber-Sudarshan P function of state p [/]]. Further, since every quantum
process & (in this case, photon creation and annihilation) is a linear map with respect to density

matrices, we can write the process output as

8p) = f P& aXa d*a. (1.3)

This is useful because optical states that are employed in quantum information processing
(for example, number states or their superpositions) are highly non-classical and cannot be

generated easily. In contrast, coherent states are directly obtained from lasers. Our method



permits us, by probing the “black box” with simple laser pulses, to learn about its response to
any other state of light, however complicated it may be.

This method is referred to as coherent-state quantum process tomography (csQPT) [6, 8, 9].
The result of csQPT — the data about the process — can be compactly written in the form of a

rank-4 process tensor” 83}:’, defined according to [0ou] K= Zman 83}(” [oin] ., Where pin, and poy

mn?

denote, respectively, the density matrices of the input and output states in the photon number

basis. The process tensor is calculated according to

= f Pu(@)(j 1 E( aXa ) | kd*a, (1.4)

where P,,,(@) is the P function of operator |m) (n|. Computation of the process tensor is com-
plicated by highly singular nature of this function; Refs [6} |8, 9] elaborate different ways of
resolving this singularity. Another practical issue is associated with the infinite dimension of
the optical Hilbert space. In csQPT experiments, the process tensor is evaluated for a subspace
H (nmax) spanned by number states up to a certain cut-off value, ny.x. The choice of ny,y is
determined by the maximum amplitude a,,,x of the set of coherent probe states used in the
experiment, as well as the reconstruction method used. In our experiment, 7, = 5.

This thesis is organized as follows: Chapter 2 provides an introduction to quantum states
of light field and presents basic concepts like the Wigner function and the method of optical
homodyne tomography. Further, it gives an introduction to quantum state tomography (QST)
followed with the description of non-linear process such as parametric down conversion; and
the implementation of photon creation (") and annihilation (&) operators. In the end, it pro-
vides a brief introduction and in-depth implementation of Quantum process tomography (QPT)
using maximum likelihood estimation.

Chapter 3 starts with the experimental realization of single photon source, which is crucial
for the realization of photon creation operation. This chapter covers the experimental realiza-

tion of quantum process tomography for photon creation and annihilation operators. Results



and practical challenges of experimental QPT are presented in detail.
Chapter 4 is the final chapter of this thesis, which covers the summary and outlook of the

present work.



Chapter 2

Theoretical Concepts

2.1 Quantum Theory of Light

Light has proven to be an excellent media to prove the fundamentals of quantum mechanics, it
shows both wave and particle aspects [[7]. Light has been observed to show the characteristics of
wave through interference and dispersion, as well as characteristics of particle through distinct
detector clicks when detected with high precision detector. This thesis is concerned with the
quantum nature of the light and since classical theories cannot describe the quantum aspect of

the light field - we will make extensive use of a quantum mechanical treatment.

2.1.1 Quantization of light field

Suppose A(7,1) is the electromagnetic vector potential of the electromagnetic field and ¢(7, 1) is

the electromagnetic scalar potential in a large evacuated box with volume V = L, X L, X L[10]:

Arn = ) f dkag Fu®e® 1 h.c., 2.1)
JR ) = -V t)—ﬁX(f )

) - ) 6[ ) )
B = VxA®1),

where a;  is the field amplitude, § the polarization vector, k is the unit k-vector and u(7) the
normalized transverse Gaussian mode of the light field. )’ denotes the summation of the two

orthogonal polarizations. After solving Eq. 2.1} we have,
EGn = ) Vi (1) +cc 2.2)
K.s

Z ey (1) + cuc,

>

k,s

B, 1)



where l/_t)];’s(l‘) and @E,s(t) are the time-dependent amplitudes of the electric and magnetic fields.

Any arbitrary electromagnetic field configuration inside the box can be decomposed in the
form of Eq. @ and because the box is of a finite size, it is sufficient to use a series over
a discrete set of wave-vectors k = (2nny/Ly,27ny, /Ly, 2nn,/L;) (where ny, ny, n;) are arbitrary
natural numbers), rather than an integral. The behavior of the field in space is given by a
periodic function whose periods in the three dimensions are equal to L,, L, and L,.

In order to quantize the mode, we begin by writing its energy (Hamiltonian) H in terms of
the field amplitudes. We then define the position x and momentum p that satisfy the classical

canonical equations of motion

OH
) = —— 2.3
p o (2.3)
)
X = ap.

In transition from classical to quantum mechanics, the canonical position and momentum give

rise to operators whose commutator is equal to
[X, p] = ih. (2.4)

In quantum optics, the convention is slightly different. We define the position and momentum

according to X = x/ Vh, P = p/ Vh. Then the canonical equations of motion takes the form

p = _Z_[;; 2.5)
. 0H
T
and the commutator
(X, Pl =i. (2.6)

The classical Hamiltonian of the electromagnetic field

1 -
H = f &r(eE” + ﬂ—BZ), (2.7)
0



can be rewritten in terms of canonical variables

Xy, = Ve Vo) up () + up (0)7); (2.8)
Py, = eV (#hwy) " uy () — up (1)),

where wp = ck and the il’s are treated as scalars then the Hamiltonian takes the form
H—Zd3kh—w(X2 +P2) (2.9)
- 2 l?s l?,s ' ’

From here onward, we will be concerned only with one specific mode and hence, indices
(12, s) can be omitted. The position and momentum operators have eigenstates, |X) and |P),

respectively, which are related toﬂ

(XIX') (X - X); (2.10)

(P|P") S(P - P).

The position and momentum eigenstates are related to each other via the de Broglie wave:

(X|P) = \/%Te’”, (2.11)
so for an any arbitrary state [i/)
1 e iPX
Xly) = N Im (Plyrye" " dP; (2.12)

(Ply)

l +00 )
— Xyye*dXx.
o I ) (Xlye

In other words, the wave functions of a given state |¢) in the position and momentum represen-
tations are direct and inverse Fourier transforms of each other. In optics X and P correspond to
the in-phase and out-of-phase component of the electric field amplitude of the spatial-temporal

mode (with respect to a reference phase).

'Because these states are not normalizable, they, strictly speaking, belong not to the Hilbert space, but to the
so-called rigged Hilbert space. See R. de la Madrid, Eur. J. Phys. 26, 287-312 (2005) for details.



2.1.2  Photon creation and annihilation operator

At this point, we can define canonical variables X and P in terms of non-hermitian photon

creation (&) and annihilation (&) operators, such that

A @ +a
X = ; (2.13)
V2
P G
V2
and using Eq. (2.13) in Eq. (2.6), we have
[a,a"] = 1. (2.14)

Using the photon-number operator /i = a'a that accounts for the photons in the chosen single

mode of a light field, the Hamiltonian in Eq. (2.9) can be rewritten as

H=@(+-). (2.15)

| =

2.1.3 Fock states

Let us now introduce Fock states |n) as the eigen states of photo-number operator
iln) = n|n). (2.16)

We can show if |n) is an eigen state of 71, then &|n) and a'|n) must also be the eigenstates of 7

with eigenvalue (n - 1) and (n + 1), respectively.

paly = &'l = @a'28)ln) = (n — Daln; 1D
natlny = ataa‘lny = @ +atatainy = (n+ Datln).

Eq. (2.17) give rise to two fundamental relations

alny = nln-1); (2.18)
a'lny = Vn+1n+1).



2.1.4 Coherent state

Coherent state is very crucial for this thesis because it has been used as a probe state for
quantum process tomography (see section 2.6) [6} 8, 9]. It is also an important state of the
harmonic oscillator, whose behavior is very similar to that of a classical oscillating particle
with well behaved amplitude |@| and phase arg «.

Coherent state is defined as the eigenstates of the annihilation operator a
dla) = ala), (2.19)
where « is a complex numberE]

Displacement operator
Even for @ = 0, Eq. (2.19) is valid, implying vacuum is a coherent state as well. In other
words, vacuum is a zero-amplitude coherent state.We can calculate from Eq. (2.15) that the

mean energy of a coherent state is simply
(H)y =(ala'a + Ela) = |o|” + 3 (2.20)

Now, we introduce displacement operator, which will help us to understand the relation be-

tween coherent state and vacuum. We define displacement operator as
D(@) = exp(ad’ — a*a) (2.21)

and because i(aa’ — @) is Hermitian, D must be unitary. The displacement operator displaces

the amplitude a by the complex amplitude « as
Di(@aD(@) = a+« (2.22)
and for negative displacement to |@) in Eq. (2.19), we have

aD(-a)|e) = D(—a)D' (~@)aD(-a)|a) = D(-a)(@ - o)), (2.23)

2Complex eigenvalues are allowed because & is non-Hermitian.
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which must be equal to zero from Eq. li which implies D(-a)|) is the vacuum state |0).

So, in other words coherent states are displaced vacuums
lay = D()|0). (2.24)

Some other properties of coherent states
Any coherent state |a), is a state of the harmonic oscillator and can therefore be decomposed

in the basis of |n), which means

lay = i(nlmlm (2.25)

n=0

and we can also write

(n|ala) = aln|a). (2.26)
On the other hand using Eq. (2.19)), we have

(nlalay = (ala’n)* = Vn+ Laln + 1), (2.27)

Now after equating Eq. and Eq. (2.27), we have

(n+ 1)) =

\/%mm (2.28)
n

Starting from the lowest n = 0, by induction we have

a’l
(nla) = (Ola), (2.29)
Vn!
which enables us to represent |a) as
@ = 00 > L, (2.30)
n=0 n!

where the only unknown is a constant factor (Ola), a complex number. In order for |@) to be

normalized, {(a|a) = 1, we have

i 2n
(al) = 0 D" U = (0P explial®) = 1 @31)
n=0 '
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From Eq. (2.30) and Eq. (2.31)) we have

e N @ 2.32
la) = e Z; «/H'm (2.32)

Eq. is a very important result because using this equation we can express coherent state
with arbitrary amplitude |@) in Fock-basis.

Before we proceed further, let us find the physical meaning of the complex parameter «.
From Eq. it is apparent that || is related to the amplitude of the field. The expectation

value of the photon number 7 = a'a
ii = {alit|a) = || (2.33)

and thus |a|? is just the average number of the photons in the field. To find the fluctuations of

the photon number we need to calculate

(ai?le) = (ala’aa’ala), (2.34)
= (ala'd’aa + a'aa),
= lof* + o
and thus
An = 2 — ()2 = 7z, (2.35)

which is characteristics of a Poissonian statistics.

Also from (2.32)), the probability of detecting n photons is

2n
P, = [nla)l* = el e (2.36)

n! n!

which is a Poisson distribution with a mean 7. Note that the fractional uncertainty in the photon

number is

(2.37)

An
n

5l -
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Counting the photons of a coherent state means making repeated measurements on a statistical
ensemble of identically prepared fields. Each time, n photons are obtained with Poissonian
probability P,, and on average we get as many photons as quantified by the intensity |e|?. This
behavior is similar to classical particles when they are taken at random from a pool with an
average of |a|* each time. We may say that when the photons of a coherent state are counted
they behave like randomly distributed classical particles.

We should also note that coherent states are not exactly orthogonal. In fact, we obtain from

Fock representation Eq. (2.32)

, laf? |0/|2 = (a/*a)"
— B 2.38
(@ |a) exp( > > ) ;:0 | (2.38)
laf? &P .

= —_——-— * 2'

exp( T ta @) (2.39)
and consequently

' |a)? = exp(—la — ' |») (2.40)

The Gaussian in Eq. (2.40) goes rapidly to zero when the amplitudes @ and o’ differ signifi-

cantly more than the quadrature-noise level of the vacuum. We also note that coherent states

+00 +00 d d
f f )l q; Po
oo oo JT

This is, we may express any state in the coherent-state basis. (Coherent states are even over-

are over complete,

= 1. (2.41)

complete because fewer than all of them form a basis already. This property is a side effect of

their lack of strict orthogonality.

Optical equivalence theorem
Optical equivalence theorem is a method to writing down a density matrix (p) of any arbitrary

state as a linear combination of coherent-state density operators.

p= fPﬁ(a/) | a)a | da, (2.42)
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where P;() is the Glauber-Sudarshan P function of state p [7]. Eq. [2.42] might seem puzzling
because this expression implies any pure state [iy) can be written as a statistical mixture of
coherent state even though the state in question is non-classical. The answer to this paradox
is 7 ill-behaved” P-function for non-classical states. We will see in later section, even though
our method for quantum process tomography relies on optical equivalence theorem, we do not

involve P-function in our experimental calculations and that makes our method versatile.

2.1.5 Wigner function

In classical optics the state of an electromagnetic oscillator is perfectly described by the statis-
tics of the classical amplitude @. The amplitude may be completely fixed (the field is coher-
ent), or &« may fluctuate (then the field is partially coherent or incoherent). In classical optics
as well as in classical mechanics, we can characterize the statistics of the complex amplitude
a or, equivalently, the statistics of the component position X and momentum P by introduc-
ing a phase-space distribution W(X, P). The distribution W(X, P) quantifies the probability of
finding a particular pair of X and P values in their simultaneous measurement. Knowing the
phase-space probability distribution, all statistical quantities of the electromagnetic oscillator
can be predicted by calculation. In this sense, the phase-space distribution describes the state
in classical physics.

Quantum system cannot be described by a point in phase-space; however, there exist a
phase-space distribution very much like a probability density distribution for a classical system.
A very powerful and widely used phase-space representation is the Wigner function, which was
first introduced by E. Wigner in a famous paper dating back to 1932 [[11].

Suppose now, that every time the particle is prepared, we measure the observable
Xy =Xcos@+ Psiné. (2.43)

Based on the data obtained in this measurement, we can construct a histogram of the ex-

perimental results, also known as marginal distribution pr(Xy). This marginal distribution is
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Figure 2.1: Phase-space probability density and marginal distribution.

the integral projection of the phase-space probability density on the vertical plane oriented at

angle 6 with respect to the vertical axis (Fig. 2.1)
—+00
pr(Xy) = f W(X cosd — Psind, X sin6 + Pcos6)dP. (2.44)

In the quantum domain for any state there is an analog called phase space quasi-probability
distribution function (or Wigner function), it is similar to a classical probability distribution
function of values of X and P, but it can become negative. In any case, the marginal distribution
associated with a particular quantum state and a particular quadrature is a projection of the
state’s Wigner function upon a vertical plane (Fig. [2.1).

The marginal distributions f_ Jr: W(X, P)dP or f_ :o W(X, P)dX give us the position or mo-
mentum distributions respectively. If we perform multiple quantum measurements of a single
quadrature on a set of identical quantum states we will obtain the marginal distribution asso-
ciated with the quadrature, and additionally, if we perform a phase shift 6, the components X
and P rotate in the two dimensional phase space (X, P). So, we can find that pr(X, 6) after an

arbitrary phase shift 8 [7]:
R R +00
pr(X, 0) = (X|U@)pUT(0)X) = f W(X cosd — Psinf, X sinf + Pcos0)dP, (2.45)

where U(6) = exp(—i6) is the phase shifting operator. Eq. (2.45)) is the connection of W(X, P)
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to observables quantities and it links quantum states (its density matrices, p) with observables.
Considering the special cases 6 = 0 and 6 = 7 we see that the marginal distributions of W(X, P)

produce the correct position and momentum probabilities respectively

—+00
0 = 0= f W(X, P)dP = (X|p|X); (2.46)
-
0 = 5= W(X, P)dP = (P|p|P).

Integrals such as in Eq. are called Radon transformations. Inverse Radon transforma-
tions turns out to be the mathematical key for quantum state reconstruction. W(X, P) is closely
related to the density matrix (p) through the famous classical-like phase-space distribution
in quantum mechanics called the Wigner function [[11} 7]
W,(X, P) = —— f - expligP)X — L1pix + Lydg. (2.47)
2n) J_w 2 2

It is a real function if p is Hermitian, and it is normalized

f f mWﬁ(X,P)dXszl. (2.48)

E. Wigner chose this function from the set of possible quasi-probability distribution, since
from all possible phase space distribution it seemed to be the simplest. Its popularity most
likely derives from the fact that its marginal distribution, obtained by integrating along a par-
ticular direction in phase space yields the measurable quadrature of the field.

The Wigner function has proven to be a very helpful visualization of a quantum mechanical
system in phase space. It is normalized and its marginal distributions pr(Xy) — the density
shadows of the Wigner function are equal to the quadrature amplitude probability density of
the system.

We see that the quantum phase-space quasi-probability density inherits most of its prop-
erties from its classical counterpart. One difference of the quantum case is that the Wigner

function is allowed to take on negative values (e.g. with the single photon Fock state). This
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is because the Wigner function no longer has the meaning of a probability distribution. The
marginals of the Wigner function, however, do have a meaning of measurable probability den-
sities even in the quantum case. So whenever the Wigner function has a negative well, it must
be surrounded by a positive hill so all its projections are non-negative.

One can define the Wigner function for any operator, rather than just density operators, by
analogy with 2.47], However, the Wigner function of an arbitrary operator is not necessarily

real and normalized.

Examples of Wigner function:

Using[2.47) we can find the Wigner function for any arbitrary state.
1. Vacuum state
Wo(X,P) =nlexp(-X?- P?). (2.49)

W(X, P) turned out to be Gaussian (see figure [2.2)).

Figure 2.2: Wigner function of vacuum, Inset: Marginal distribution for § = 0

1. Single photon Fock state
Wi(X,P) =n'exp(=X*>-P>)(2X>+2P% +1). (2.50)

W(X, P) turns out to be negative, which is a signature of non-classical state (see figure[2.3).
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Figure 2.3: Wigner function of single photon fock state, Inset: Marginal distribution for 6 = 0

2.2 Non-linear Process

2.2.1 Parametric down conversion

Spontaneous parametric down-conversion (SPDC): A nonlinear crystal “splits” an incoming
photons into two a pair of photons of lower energy, whose combined energy and momentum
is equal to the energy and momentum of the original photon. The process is spontaneous
in the same sense as spontaneous emission, it is stimulated by random vacuum fluctuations.
Consequently, the photon pairs are created at random times. However, if one of the pair (the
”signal”) is detected at any time then we know its partner (the “idler”) is present as well. This

is an excellent source of single photon, first demonstrated by Hong et. el in 1986 [14]).

Signal
Pump

Idler
PPKTP

Figure 2.4: Parametric down conversion using non-linear crystal.

Spontaneous parametric down-conversion can be viewed as a coherent three-photon pro-

cess, where a crystal which is not centro-symmetric is illuminated by a pump beam. The pump
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beam is intense enough to drive the oscillations of the electrons in the crystal into the nonlin-
ear regime. The second order interaction results in the annihilation of a pump photon and the
creation of the two down-converted photons termed the signal and idler. The photons pair that
are created are entangled in space-time or, equivalently, in wave number and frequency. The

energy and momentum conservation can be described by the equations:

hw, = hws+hw; (2.51)

hk, = hk, + hk;,

P

where frequency and wave-number are related by |I?(a))| = n(w)w/c; n(w) being the frequency-
dependent refractive index.

The photon pairs created in SPDC are highly entangled in wave number and frequency
[15) 16]. Furthermore, if they possess the same polarization, then the process is termed type
I spontaneous parametric down conversion. Conversely, the case of orthogonal polarization
of signal and idler photons - generally corresponding to the signal (idler) electric field being

ordinary (extraordinary) waves in a birefringent crystal is a type II process.

Interaction Hamiltonian and time evolution

The parametric down-conversion interaction Hamiltonian can be expressed as [[18]]
Hppe = idh(aia) - aga,), (2.52)

where A is proportional to the amplitude of the (classical) pump and to the second-order sus-
ceptibility of the medium. { = At /7% has the meaning of squeezing parameter and 7 being the
fictitious interaction time. If |{| < 1, which is the case on our experiment, the evolution of

Hamiltonian (2.52)) can be approximated as

el o | —iHtT/h. (2.53)
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For now, if we assume the initial state in the signal and idler modes to be vacuum, i.e. |yg) =

|05) ® |0);. The evolution operator, acting on this state, yields
e~ octlh 0y [0y, ~ [0, 0), + £ [1) 1), (2.54)

which projects onto the signal state |1),, if a trigger photon is detected.

The above treatment is valid as long as higher-order terms in the Taylor decomposition
(2.53) can be neglected. This is the case when |{| < 1. If they are also degenerate in their
respective center frequencieﬂ the output state (ignoring the vacuum term in the sum) is es-
sentially an outer product of two single-photon Fock states, entangled in frequency and wave-

number (but not in polarization, because of collinearity [[16]]).

2.3 Implementation of Photon Creation and Annihilation Operators

In the earlier section, we observed the classical nature of coherent state |@) as well as the
quantum-mechanical nature of Focks states |n). Now, in this section we will look into the
properties of state intermediate between the Fock state and the coherent state. Such state can
be obtained by application of photon creation operator (") on coherent state and has shown
to exhibit non-classical properties like sub-Poissonian photon statistics [19]. On the other
hand, implementation of photon annihilation operator (a) on coherent is a direct verification
of its definition as eigenstates of & (2.19) and this implies, the final state still exhibits classical
features.

Photon creation and annihilation operator can also be viewed as a universal toolbox for
manufacturing arbitrary quantum states of light, required for quantum information processing

and quantum communication.

3. Wey = W = 0.5w),, the additional subscript ¢ denotes the central frequency
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2.3.1 Photon creation operator

Generation of the photon added states

Photon added states can be generated by injecting a target state i) into the signal mode of an
optical parametric amplifier and exploiting the stimulated emission of a single down-converted
photon into the same mode. Hence, we can herald the generation of the target state in the signal
channel by detecting single photon in the correlated idler channel [20].

The Hamiltonian for the parametric amplifier reads as
H = ihA@lal — asa), (2.55)

where a; (a,) is the annihilation operator for the idler (signal) mode and A is proportional to
the amplitude of the (classical) pump and to the second-order susceptibility of the medium.If
the parametric gain is kept sufficiently low ({ = Ar/h < 1, 7 being the fictitious interaction
time) and letting a seed target field /), enter the parametric crystal in the signal mode, while
vacuum (|0);) enters in the idler channel, which is the case for our experimental situation, the

final output state can be approximated as
W) = [1 + {(@la] = a@)lp),l0) = )10y + Zallyy, 1) (2.56)

which projects onto the signal state & [i), if a trigger photon is detected. The above treatment
is valid as long as {ny,, < 1, with ny;, being the mean photon number in the target state.

If the input target state is coherent state |@) in the signal mode then the output signal mode
will mostly contain the original target coherent state, except for the few cases when the state
|1); is detected in the idler output mode with a probability proportional to |£]*(1 + |a|?), projects
the signal state onto the single photon added coherent state (SPACS) |a, 1), corresponding to
the stimulated emission of one photon in the same mode of |@). This implies Pr; = 1 + a?.

It is important to note that, when there is no input coherent state in the non-linear crystal

then after SPDC, we will only have the pair of entangled photons |1),|1); with a low probability
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proportional to |/]%. In this case, the detection of a single photon in the idler channel projects the
signal state onto a single-photon Fock state and, by following the evolution of the final quantum
state while the amplitude @ increases from zero, one can witness the gradual transition from
the spontaneous to the stimulated regimes of light emission with the smooth transformation of
a single photon (non-classical) state toward a coherent (classical) one.

The photon-added coherent state (PACS) after multiple excitation on coherent state can be
represented as |a, m) = a™|a) (unnormalized), where |@) is a coherent state of amplitude a, a'
is the creation operator for the field, and m is a non-negative integer [19]. The state |a, m) is said
to be a PACS of order m and amplitude . The PACS is considered as a state that interpolates
between the classical and non-classical states because in the limit of @ — 0, it reduces to the
Fock state and in the limit m — 0 it reduces to the coherent state.

From [[19], we can write PACS as
|, my = kom0, (2.57)

where kg, = [m!L,,(=|a*)]"'/? is a normalization factor where L,,(x) is the mth-order Laguerre

polynomial and m is an integer.

single photon detector

V

parametric
down-conversion

at|a)
signal

Figure 2.5: The schematic of SPACS. The process is heralded by “clicks” in single-photon
detectors.

In the present work we are concerned with the case when m = 1, which corresponds to
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single photon added coherent states (SPACS) and in other words, we can rewrite Eq. as

.
o, 1) = Gl (2.58)

V1 +|af
and we can further rewrite this equation in Fock basis (using Eq. 2.32)) as
el &

T 2

where the absence of the vacuum term is easily noticeable and hence the density matrix element

|, 1) =

Vo + 1jn + 1), (2.59)

of SPACS are
P ~Jaf?
oty Y€ " ooV, (2.60)

P = i T+ laP

Non-classicality of SPACS
Using the expression of Wigner function from Eq. we can find the expression for the

Wigner function of SPACS [2]] as

“21-RZ-af) Ly

W) = — e

, (2.61)

where Z = X + iP, X and P are the quadratures. W(Z) can clearly become negative under the

condition 2Z — af* < 1

Mathematical formulation
The state |, 1) can be written as a'|a) and using Eq. [2.24, we can further write &'|a) in position
basis as

a'lay = a'yo(X = V2a), (2.62)

where |a@) is the input coherent state.

a' can be expressed in terms of X and P using Eq. (2.13)) and then we have

alley = a'yoX - V2a) (2.63)
_ (X —iPWo(X - V2a)
V2
= ao(X — V2a) + X0 V2e) - P oX = Vaa).

V2
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In a new displaced co-ordinate frame with X — V2a = X' and using this in Eq. , we have

, X - iP ,
o (X) + %%(X) 2.64)

apro(X) + &' (X

a'lay

ayo(X) + ¢ (X).

Eq. (2.64)) is a remarkable result. This implies, SPACS (a|a)) is same as displaced superposi-
tion of vacuum and single photon fock state (@|0) + |1)) or in other words, the Winger function

of SPACS is same as Wigner function of (a|0) + |1)).

2.3.2  Photon annihilation operator

Unlike the operation of photon addition on coherent state, photon subtraction always leads
to classical state because coherent state |@) is an eigen state of annihilation operation (a) as
formulated in Eq. @} However, it is able to convert a Gaussian states into non-Gaussian
states [21), 22]]. Besides enhancing some of the existing protocols [23] 24], they are able to
perform important communication tasks (like entanglement distillation), which are impossible
with Gaussian states and operations alone [25, 26].

It is important to note that it is different from conventional deterministic subtraction of
objects from an ensemble because it works in a probabilistic way (i.e the probability of taking
away a particle from a state is proportional to the number of particles already there, due to vn
term in Eq. (2.19)).

Since this is not a unitary process, it is not completely realizable in the lab but it can be

approximated as shown before [3] 4, 5.

X - V2a =X thendX =dX = P = -ijl = —iy = P=a" = X5 = X2F




24

single photon detector

4

ala)
@) a >

low-reflectivity
beam splitter

Figure 2.6: The schematic of photon annihilation operation. The process is heralded by
“clicks” in single-photon detectors.

Implementation of the photon annihilation
The action of a beam splitter on quantum states in the signal and trigger input modes described

by annihilation operators @, and a, can be modeled as evolution under Hamiltonian [27]]
H = idhaa) — iAhdla, (2.65)

where A, assumed real,is related with the amplitude reflectivity of the beam splitter as r = sin({)
with { = Ar/h and 7 being the fictitious interaction time. If [r| < 1, the evolution under

Hamiltonian (2.63)) can be approximated as
e ~ 1 — ifT/h. (2.66)

The beam splitter input consists of the target state |@) in the signal channel and the vacuum

state in the trigger channel. The evolution operator, acting on this state, yields
e M) |0), = @)l0), + rala)|1),. (2.67)

Conditioning on single-photon detection in the trigger channel, we obtain state a,|a), in the

signal. Taylor decomposition (2.66)) is valid as long as higher-order terms in its right-hand side

can be neglected. This implies Pr;: = o?.
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2.4 Balanced Homodyne Measurement

The quantum theory of the photodetection process has been treated in a number textbooks on
quantum optics [/, 29]. The signal produced by a photodiode is — under not too restrictive
approximations — found to be proportional to the normally ordered expectation value of the
photon number operator (i) = (a'a). A number of schemes to measure quadrature ampli-
tude instead of the photon number have been discussed in the literature [28} [30], but the most
commonly employed scheme is that of balanced homodyne detection.

The balanced homodyne detector (BHD) is a useful tool in quantum optics and quantum
information processing with continuous variables (X and P quadratures) [7, 31]] since it can
be used to measure field quadratures of an electromagnetic mode. These measurements pro-

vide information for complete reconstruction of quantum states in the optical domain (optical

homodyne tomography).
«©
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Figure 2.7: Balanced Homodyne Detection (BHD)

The theory of BHD in the optical domain has been discussed quite extensively in literature
[7, 132, 28]]. From a general point of view, in this scheme a signal, a weak electric field (E;,

treated quantum mechanically) is directed onto a 50:50 beam splitter (BS, shown in Fig. (2.7)
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in order to be mixed with a second beam, which is going to play the role of a reference beam
called local oscillator (LO — E;p), shown in Fig. (2.7) — a strong coherent beam () that
can be treated classically. If we assign the mode operators and with these input fields (a, and

a@r0), the corresponding outputs from the BS (according to the BS transformations) are

1
@(&s + @10), (2.68)

—= (@, - aro0).

V2

These annihilation operators are related to the electric field operator associated to each output

a

A

a

of the BS. Each output beam is directed to one of the two photodiodes of a homodyne de-
tector (HD). The photocurrents i; and i, produced by the photodiodes can be assumed to be

proportional to the photon numbers of the beams striking each detector:

hon = ala, (2.69)
2 A ata
Ih Xn, = 612612.

Then, the difference in currents i_ = i, —i; will also be proportional to the difference in photon
number

i oty =y = @}l + Lol (2.70)
If the LO and the signal field originate from the same light source, they have a fixed relative
phase 6, that can be controlled (for example with a piezo-electrical controlled mounted mirror).
Assuming the zero phase point is chosen so that a;pis real, we can re-write the difference

photocurrent as:

i_ o lapol(ase™ + ale). (2.71)
By comparing this with Eq. we arrive to
i_oc iz oc 22018y = 2172 AN Lo Re. (2.72)

The difference in photocurrents i_is proportional to the quadrature component X,. Then, a

BHD allows measuring the signal quadrature X, (by subtracting the currents produced by the
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photodiodes), amplified by a factor proportional to the square-root of the intensity of the local

oscillator (square root of the average number of photons). The variance in this current will be :
(Ay oc (%) = (i_)* = 2N1o(AXD). (2.73)

This means that the variance of the difference photocurrent, which is called shot noise, is
linearly proportional to the variance of the quadrature amplitude. This is an important result
because classical noise has a different behavior. To see this, if instead of subtracting the currents

we add them, we will obtain:
. 2 AT A 2
i o laliol + alas ~ lawol® = Nio, (2.74)

where we use the fact that the LO is much stronger than the signal. In this case the current is
proportional to the average number of photons in the LO, and the quantum feature is lost. The

corresponding variance (current noise) is [40]:
(Ai2) = (i,)* = N7,. (2.75)

This implies, if we want to measure the quadrature of signal field, we should always measure
i_ and not i,.

The fluctuations of i_ can be recorded as a histogram, and on a proper rescaling, this his-
togram is essentially the marginal distribution: pr(Xy) = (Xylos|Xy), where p; is the density

operator of the signal field.

2.4.1 Non-ideal behavior of BHD

In real experiments it is impossible to have a perfectly balanced setup and an HD with a per-
fect subtraction of the classical noise. Optical and electronic components always suffer from
issues that prevent them from following the ideal cases; for example, the beam splitters are not
perfectly 50:50, the subtraction capability of the HD is limited, the mode matching of the LO

and the signal beams is not perfect, the photodiodes had non-unitary quantum efficiency, the
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presence of electronic noise, etc. Then, in order to give a correct interpretation of the mea-
surements done by the BHD these effects must be taken into account. Here we present a brief
discussion of how to take into account the non-ideal behaviors of the electronic noise in the
HD when measuring electromagnetic field quadratures and non-ideal behavior due BHD opti-
cal setup is discussed in detail in [33]]. A more detailed theoretical background can be found in

(34,135,136, 137,138, 39].

Drawback of electronic noise in HD

Any non-desirable ambient noises, dark current noises from the photodiodes and the intrinsic
noise of the amplifiers fall under the umbrella of electronic noise. The effect of this noise is
to add a random quantity X, to the measurement of the field quadrature Xeas- This effect is

equivalent to an additional optical loss channel with transmission [38].

ne =1 —(X2) /(X2

meas>‘

(2.76)

The value of 1, depends not only on the characteristics of the detector, but also on the conditions
of the measurement in which the detector is used.

Eq. represents the homodyne signal for ideal HD. However, the practical HD has
numerous limitations and the relationship between the quadrature measurement and the output

current is more complex. It can be approximated by

+00

) =10 +A f ()X )r(t — £)dr, (2.77)

where i,(7) is the detector’s electronic noise, X,(#’) is the instantaneous field quadrature value
in the signal mode, a(¢") and 6 are the local oscillator amplitude and phase, respectively and
r(-) is its response function. An ideal detector would have i,(f) = 0 and r(7) = 6(7). In practice
these conditions are not met.

As evident from (2.77), the impact of the electronic noise is minimized by raising the power

of the local oscillator and the amplifier gain. However, practical possibilities of increasing the
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gain without proportionally increasing the electronic noise are limited. The local oscillator
power must also be restricted to avoid saturation of the photodiodes and eliminating the clas-
sical noise [40]. Therefore in the analysis below we assume A and « to equal their optimal
values for the given experimental setting [39].

In order to quantify the effect of electronic noise through 7,, we need to carefully study the
response of the detector in the pulsed case regimeﬂ

Looking back at the equation with the pulse width much shorter than the time reso-

lution of the electronics, equation (2.77)) takes the form

i(t) = Aa, Xr(t) + i,(D), (2.78)

+00

where pulse is assumed to occur at t = 0, X = f oz(t)f(g(t)dt/ap is the normalized quadrature

corresponding to the signal mode defined by the shape of the LO and a, = / Jrfwla(t)lzdt being
the effective amplitude of the local oscillator pulse. In other words, neglecti:; the electronic
noise, the shape of the HD response to a single short pulse is given by the detector’s response
function.

The quadrature measurement is obtained by integrating the homodyne photocurrent over a
certain time interval:

15} [5)

Xineas = f i(tdt = Aa,X f r(tydt + X, (2.79)
151 151

with

15}

X, = f 1,(Hdt.

n

The optimal choice of the integration limits is determined by the bandwidths of the detector’s
electronic noise and the temporal width of its response function.

When the local oscillator is a train of pulses with repetition period 7', the HD output current

SWhen LO is pulsed, which is the case for this thesis.
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is given by

i) = Ay > Rjr(t = jT) +1(0), (2.80)

j=—00

where X ; 1s the quadrature operator of the jth pulsed signal mode, with the pulse of interest
having index j = 0. If the response function is nonzero over an interval longer than 7, the

quadrature measurement is contaminated by that of the neighboring pulses:

Xmeas,o = Aa’p Z Rj)?j + Xe, (2.81)
j=—

15}
where R; = f r(t — jT)dt. The sum in (2.81) defines a new measured mode whose state is not
1
necessarily identical to that in the j = Oth pulsed mode. The corresponding mode matching

efficiency (neglecting the electronic noise) is given by

Ry

— . (2.82)
SR

Jj=—0

n, =

This efficiency is plotted in Fig. for the response function of Gaussian shape as a function
of the 3-dB bandwidth of the detector response function spectrum. As we see, a detector
bandwidth of at least 0.4/T is required for 7, to exceed 99%.

If r(¢) is known, so are all R; and the effect of finite bandwidth can be reversed by means
of discrete deconvolution. However, partial reversal can be implemented even if the response
function is not known, provided that 7, is sufficiently high, i.e. |R;| < |Ro for j # 0, as follows.
In a typical detector, R; are negligibly small for j > 0: most of the ringings occur after the
optical pulse that generates the response. This is the situation, for example, with the detector
used in current experiment. Then we have, according to , and because <)A( jf(k) = 0 in
the vacuum state,

<Xmeas,OXmeas,i> = Aza'i Z RjRj—i x Aza',zgROR—ia (283)
J

where )A(meas,i denotes the quadrature measurement for the ith pulse. The above correlation can
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Figure 2.8: Effective efficiency of the HD associated with temporal overlap of responses to dif-
ferent pulsed modes, as a function of the 3-dB bandwidth of the electronics. The response func-
tion is assumed Gaussian. The solid line corresponds to a short integration interval [—e¢, +€];
the dashed line to the integration interval of length 7. Both integration intervals are centered
at the peak of the response function.

be easily obtained experimentally, from which one can determine

R KiewsoXneasi) (2.84)
RO <Xmeas,0)?meas,0>

One then calculates
= <Xmeas,OXmeas,i>
r/neas,O = Xmeas,O - %Xmeas,i (285)
i=1 <Xmeas,OXmeas,O>

for each experimentally measured quadrature, thereby eliminating contamination from neigh-
boring pulses. The resulting quadrature values are then renormalized and used in quantum state
reconstruction. By means of this technique, the reconstruction efficiency has been improved in
Ref. [20].

We now use Wiener-Khinchine theorenﬂ to determine the spectral power of the HD output

in the pulsed regime. The ensemble average of i(¢)i(z + 7) is a periodic function of time ¢, hence

°S.(v) = +fw<2g(;)?e(r + 7)) dr and S (v) = +fw<?(t)?(z + 7)) dr

—00 —00



32

we can write

o T/2
@it + 1)y = %(Aa/p)z > &K f r(t = jT)r(t + 7 = kT)dt + (Go(D)ie(t + ). (2.86)
Jih==eo -T2
In the vacuum state,
@it + 1)) = %(Aa,,)2 f r(O)r(t + 7)dr + QDL + 7)), (2.87)
Accordingly,
S) = %(Aap)zlf(v)lz +S,0). (2.88)
with o
F(v) = f r()e”™ dt (2.89)

—00

being the Fourier image of r(¢). In other words, neglecting the electronic noise, the spectrum
of the HD output current in the continuous regime is simply the squared amplitude of the
Fourier transform of the detector’s response function. We see the HD spectrum is determined
by the Fourier transform of its response function. When the separation between the pulses is
increased, the spectral power reduces proportionally.

The evaluation of the equivalent efficiency requires knowledge of r(¢); information
on the spectra S (v) and S.(v) are not sufficient. Let us, however, consider a practically impor-
tant particular case when the bandwidth of both the detector’s response and the electronic noise
greatly exceed the laser repetition rate. Suppose the integration in is done over the time

interval [—Ty/2, Ty/2] with Ty < T. Then we have

To/2 2

<X§neas>:<AapX f r(t)dt >+<X§>. (2.90)

-To/2

We assume that the temporal width of the function r(¢) is much less than 7, so the integration

limits can be replaced by +co. We then have

Xz

meas

) = (A, [F0)* + (X2), (2.91)
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where

To/2 2

f 1,(0)dt > (2.92)

To/2
To/2 To/2

f ie(fl)ie(tz)dt1dtz>
=To/2 -To/2
To/2 To/2-1

(i(11)ie(ty + 7))dTdry

2
I

—To/2 -To/2-1,
To/2 +oo

f ()i (ty + 7))d7dty

—To/2 -

T6S .(0).

Q

Here we again took advantage of the high bandwidth of the electronic noise to modify the
integration limits. We also used the fact that the electronic noise i,(f) is a stationary stochastic

process to eliminate the dependence on #,. Substituting Eqgs. (2.88)—(2.92)) into (2.76), we find

. Ty5.0)
ne =1 T 50) (2.93)

In other words, the shot-to-electronic-noise clearance measured in the pulsed regime yields a
too conservative estimate for the equivalent loss associated with the electronic noise in the high-
bandwidth limit. In order to minimize this loss, one needs to choose the integration interval that
is as short as possible, but still accommodates the entire detector response function.However,
if the detector bandwidth does not greatly exceed the laser repetition rate, we have Ty ~ T and
the factor of 7)/T in the above equation can be neglected. The exact value for the equivalent
loss in this case cannot be determined from the spectra because it depends on the shape of the

detector’s response function r(?).
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2.5 Maximum Likelihood Estimation of Quantum State

The goal of this thesis is to understand Quantum Process Tomography (QPT) of photon addi-
tion and subtraction operatodz] but before we proceed there, we need to understand the role of
maximum likelihood estimation (MLE) in Quantum state tomography (QST) because of fol-
lowing two reasons: 1. In order to understand the effect of above two processes, it is better to
reconstruct the final output state and plot their Wigner function. 2. MLE for state reconstruc-

tion will give us an insight into the MLE for QPT in the next section.

2.5.1 Maximum likelihood algorithm

We consider a homodyne tomography experiment performed on an optical mode prepared re-
peatedly in the same quantum state p. In an experimental run one measures the field quadrature
at various phases of the local oscillator. Each measurement is associated with the observables
Xy

For a given phase 6, the probability to detect a particular quadrature value X is given by

[41]

pry(X) = Tr{T1(6, X)p;] (2.94)

where T1(6, X) = |6, X)(0, X| is the projector onto this quadrature eigenstate and Tr denotes the
trace operation. In the Fock basis, the (m, n)" element of the projection operator is expressed
as [41]]

I1,,,(6, X) = (m|T1(8, X)|n) = (m|6, X)(6, X|n) (2.95)

The homodyne output is analog in nature, but the quadrature samples are obtained after digi-
tizing the signal. One can create N bins by putting the different quadratures acquired at some
phase 6;, in the i bin (i € 1, N). With the number of quadratures f; in the i’ bin, a histogram

can be constructed and would represent the marginal distribution of the ensemble’s Wigner

"Explained in the next section
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function at 6;. However, discretization of continuous experimental data leads to a loss of pre-
cision. By reducing the size of a single bin and increasing N, one can limit this loss. Ideally, if
M approaches infinity, each bin would be associated to only a single value, i.e. f; =0 or 1.
Now, if some arbitrarily chosen density matrix p happens to describe the actual state ex-
ceedingly well, then pry,(X;)|, — fi/N. If not, a new density matrix needs to be chosen. Then

the density matrix needs to maximize the likelihood

L(p) = Mipry (X)), (2.96)

in order to describe the measured histograms in the best possible manner. To maximize this

likelihood Eq. (2.96)), the operator
N 1 f
R(p) = — — 2.97
@ = Z o (2.97)
is introduced, with pr; = prg,(X;) and 11 = 116 i, X;) (Eq. ). We then choose some initial
density matrix p° = N[1], and iteratively compute
P = NIRPP RPN (2.98)

where N denotes normalization to a unitary trace and we refer to this scheme as RpR algorithm.
The convergence of the maximum likelihood procedure as well as a monotonic increment in

the likelihood (associated with the density matrix estimate) is assured [41]].

2.6 Quantum Process Tomography

Characterization of quantum-dynamical systems is a central task in quantum control and quan-
tum information processing. Knowledge of the state of a quantum system is indispensable in
identification and verification of experimental outcomes. In order to fully exploit the capabili-
ties of quantum systems, we need the ability to predict the effect of the quantum systems on an

arbitrary input state. This task is especially crucial for verifying the performance of a quantum
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device in the presence of decoherence. This leads to a quantum version of famous “’black-box”
problem and been term as ”Quantum Process Tomography (QPT)”.

QPT has the ability to predict the retrieved quantum state &(p) when the input state p is
known. QPT is based on the fact that every quantum process (in this case, photon creation
and annihilation) is a linear map on the linear space L(H) of density matrices over the Hilbert
space H on which the process is defined. The associated process can thus be characterized by
constructing a spanning set of ”probe” states in £(7) and subjecting each of them to the action
of the quantum black-box. If we measure the process output &(p;) for a set of density matrices
p; of this spanning set, then from linearity relation its effect on p = } y;,0; would be equal
to E(p)= 2. v: E(0;). Therefore, if p; forms a spanning set within the space L(H) of linear
operators over a particular Hilbert space H, knowledge of &E(p;) is sufficient for extracting
complete information about the quantum process.

In this chapter we will talk about the complete characterization of photon creation and

annihilation operators.

2.6.1 Coherent state quantum process tomography

This approach has recently been extended to the continuous-variable domain of quantum optics
[6]. The reconstruction procedure involves probing the process with coherent states, i.e. simple
laser pulses. It relies on the ability of the Glauber-Sudarshan P representation to express the
density matrix of any quantum state as a linear combination of coherent states’ density matri-
ces. In this method coherent-state QPT, or csQPT, the role of probe states is played by coherent
states [6]. The density operator of an arbitrary state can be written as a linear combination of

coherent state density operators using the optical equivalence theorem

p= f Py(@)|a)ald*a, (2.99)
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where P;(«a) is the Glauber-Sudarshan P function of state p. Using the linearity of quantum

process with respect to density matrices, the process output is then given by

Ep) = f Py&(la)al)d*a. (2.100)

Therefore, if the response of the quantum system to all coherent states are known, the output
of any arbitrary unknown quantum state can be computed. In other words, measurements on
the set of responses for coherent states provides tomographically complete information about
the quantum process. The numerical reconstruction procedures employed in [6, 8] involve
an intermediate step of determining the density matrices of the output states E(|a){a|) for each
probe coherent state |@) and subsequent integration with the P function. This approach requires
a multi-step calculation and does not guarantee to yield a process that is physically plausible,
i.e. completely positive and trace non-increasing.

The method described in the following section does not involve the intermediate step, and
reconstructs the process directly from the experimental data using pure statistical inference.
The process reconstruction algorithm, on the other hand, is entirely different: it relies on the
iterative maximume-likelihood approach. Its major advantage is the possibility to incorporate a
priori constraints in the reconstruction procedure in order to ensure physically consistent and
meaningful results.

Maximum-likelihood methods have been successfully used in the past for quantum state
estimation as well as QPT [43] 41, 42]. However, their role in QPT has been limited to the
discrete variable state space. The technique presented in this chapter extends the purview of
maximum-likelihood QPT to the continuous variable state space, thereby allowing physically

consistent quantum process estimation through homodyne tomography experiments [31].
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2.6.2 Maximum likelihood estimation

The schemeﬂ used here is an iterative process estimation using Jamiolkowski isomorphism and
is based on the application of a maximum-likelihood based QPT scheme [43)31] to quadrature
measurements in the Hilbert space associated with a harmonic oscillator. Consider a quantum
optical process & acting upon an optical mode prepared in some quantum state p,,. The positiv-
ity of density matrices deems it necessary that & be a completely positive (CP) map, in addition
to being trace non-increasing [42]. The output state &E(0,,) of such a process can be subjected
to optical homodyne measurements of its field quadratures in X, (Eq. (2.43)). The probability

of detecting a specific quadrature value X for a phase 6 (2.94).
pr (X) = Te(I1(0, X)E(P,)], 2.101)

where T1(0, X) = |0, X0, X| is the projector associated with the quadrature eigenstate |6, X).
The above expression can be considered as a probability distribution function with £ as the
parameter. If one performs N measurements for each of the M input probe states p,,, obtained

as a set of phase and corresponding quadratures values {6;,,, X;,,} where 1 <i < Nand 1 <

m < M, one can obtain the log-likelihood functional as

L&)

D In(pry., (Xi); (2.102)

Z In(TE[1(G1 > Xi)EDm)])-

m,i

The goal of maximum-likelihood estimation is to determine the parameter &,,, that is as close
to the actual parameter as possible, by maximizing the likelihood function £ (&) over the space
of CP maps

Eesr = arg maxg L(E). (2.103)

This optimization problem is not straightforward and has been handled through a technically
simpler approach involving the formulation of an extremal equation that maximizes the log-

likelihood function given in equation (2.102).

8This work is based on [9] with Author’s permission
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Basis selection

Any arbitrary quantum state p can be expressed in the Fock representation as

p= D Pualmnl (2.104)

m,n=0
Subjecting this to an unknown process £, and imposing linearity yields

(o)

s)= > Epmli, (2.105)
Jik,m,n=0
where
gy = (le(m)nlk), (2.106)

is a rank-4 tensor, hereafter referred to as the ’process tensor (superoperator)’. Thus by express-
ing input and output states in the Fock basis, a quantum process can be uniquely represented
and characterized by its rank-4 tensor, which relates the matrix elements of the output and input

states according to

[p()ut]jk = Z 8ﬁn[pin]mn- (2107)

m,n, j.k

This implies, the goal of csQPT in Fock basis is to estimate &7

Optimization of &

The projectors I1(6, X) can be expressed in this basis as (2.95)
(6, X) = (mlIL(6, X)|n) = (m|6, X){6, X|n), (2.108)

where the overlap of the quadrature eigenstate with the number state is given by [41]]

e 1Y Ha(X) _
(mf,X) = e Q(W) We X (2.109)

Using Jamiolkowski isomorphism between linear CP maps & from operators on the Hilbert
space H to the space K and positive semidefinite operators £ on the Hilbert space H ® K, the
explicit relation between E and Eis given as [44]

E= % &rimymnel K. (2.110)

m,n, j,k
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With this definition, the output Py, € K of a process for an input state p;, € H is
Pout = E(Pin) = Try [E (ﬁ?;l ® i‘K)] > (2.111)

where T denotes transposition in the number basis. With trace preserving condition (Tr[0gu] =

Tr[pi]) over the process &, one obtains
Tre[E] = Iy (2.112)

The problem has thus reduced to the determination of (dim7dim%)?> parameters subject to
dimH? constraints. When the input and output Hilbert spaces are identical, this amounts to
evaluating dimH* — dim#H? free parameters.

For the process output of the input probe state p,,, the probability of reading a quadra-
ture value X for a given local oscillator phase 6 can be obtained by substituting (2.1T1) into

equation (2.10T)) to obtain
pry(X) = Tr | E (ph, ® 16, X)) . (2.113)

In order to stand as the most likely quantum process that has the set of outcomes {6;,,, X; .}
for the input probes {p,,}, rank-4 tensor £ should then maximize a constrained log-likelihood

functional. The relevant log-likelihood functional is given as

LE) = ) In(pry, (X)) = THAL]

Z In (Tr | £p], ® 110, X;)|) - THAE], (2.114)

where A = 1 ® Ix and A is the Hermitian matrix of Lagrange multipliers that incorporates

the trace preservation condition (2.112)). An extremal equation can be obtained by varying

equation (2.114) with respect to E:
SL(E) = L(E +E) - L(E) =0, (2.115)

which gives

Tr SE|=0. (2.116)

1 . A
D P @ 1O, Xi) — A
m,i p(} ('xl,m)

im
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This holds for all 5, so that the expression in the parentheses can be equated to zero and one
has
E = A'RE, (2.117)
where
A 1 N
R=) ————p, @O, Xim). (2.118)
; pgi’m(xi,m)
Eq. (2.117) can be rewritten as £ = ERA~' (Hermicity). Using this, along with equation
(2.117)), we arrive at
E = AT'RERA™". (2.119)

A can be determined by substituting the expression for £ in equation (2.119) into the trace-
preservation condition (2.112):

A AraN/2
A= (TrW[RER]) . (2.120)

Equations (2.119) and (2.120) can be solved numerically through iterations, starting from an

unbiased initial £, such as £© = Jygs/(dimK). At each step of the iterations, the positive

semi-definiteness of £ is ensured and the constraint Trg[E] = Iy is satisfied.

Trace non-preserving processes
Quantum processes may also be probabilistic, in which case the trace of the input quantum state

is not preserved. The probability of occurrence of a probabilistic quantum process is given by

Dsuccess = TT[E(P)]. (2.121)

The reconstruction of probabilistic quantum processes can be viewed as a reconstruction of
a trace-preserving, deterministic CP map & if the failure of the process is taken to be a mea-
surement event associated with the projection operator [T, onto a fictitious state |0) [44]. In
order to analyze such a process, one can extend the Hilbert space to form Ky = K & Kl
where K, is spanned by the single state |0). The original set of projectors I1s(x) for each 6

is augmented by adding IT, so that the new set of projectors satisfies the closure relation over
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Kiotal, 1.€. YO f ﬁg(X)dX + f[@ = 1. Subsequently, the likelihood function, with the extended
trace-preserving map Eas parameter, can be rewritten as

LE)Y =Y [galn (P, (i) + (1 = gu)in (py)| - THAE, (2.122)

m,i
where g, is the fraction of successful events over total events, which can be determined exper-

imentally. The extremal equation would then contain a modified operator R given by

2 m o l—g, .+
R = Z 5T @ T1(Biy Xim) + —omph @ Ty . (2.123)
pglm(xi,m) Py

m,i

Iterations can now be performed with the new R to obtain the trace-preserving process tensor
E. The actual process tensor E is obtained by taking the projection of the estimated tensor E

onto the subspace H @ K.

2.6.3 Practical issues

e The first issue is associated with the infinite dimension of optical Hilbert space. In practi-
cal implementation of csQPT, the process tensor is reconstructed for a subspace H (1,4x)
of the Hilbert space spanned by Fock states up to a certain cut-off value, n,,,. The
choice of n,,, is correlated with the maximum amplitude «,,,, of the set of coherent
probe states. The H (n,,,,) should be chosen such that it accommodates all the coherent
state and the associated output states. Otherwise, we will have something called trun-
cation error because of inadequately chosen H(n,,.). However, a high cut-off value
may give rise to another class of inaccuracies, which we call data insufficiency errors
[9]. In contrast to the truncation errors, the data insufficiency errors grow with n,,,,, but
only apply to the process tensor elements associated with high input photon numbers.
So, in order for this algorithm to work for our purposes, we need to follow a dual-step
procedure for the choice of the cut-oft. The initial value of n,,,, must be sufficiently high

to ensure absence of truncation errors. Subsequently, after the iterative cycle has been
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’

completed, we choose a secondary cut-off value, n,,,. < n,,,., and remove all the process

max —

tensor elements containing indices above n,,,,. The choice of n,,,, can be determined by

calculating the statistical errors associated with each process tensor element [44]].

Optical losses and inefficient detectors - the algorithm we used for estimation automati-
cally permits the correction for optical loss or detector inefficiency. In order to account

for non-unitary efficiency n, the projectors are replaced by

0,0, = > BuricnBueknODmI1(0, X)) X m + k) + K], (2.124)

m,n, j.k

n+k K2 o .. )
where Byix, = [( . )77”(1 -1n) ] . Substituting this into equation (2.118)) and perform-

ing the iterations generates the original process tensor pertaining to the case of ideal

detection.

Many physically relevant processes are phase-invariant: applying an optical phase shift
to the input state results in the same shift to the output. Mathematically, such processes

satisfy the following relation [8, 14 1]

elU@)pU ()] = U(9)e(p)UT(9). (2.125)

If the action of the process on a coherent state |a) is known, so is the outcome for |ae™®).
Therefore, one needs to only perform measurements for input coherent states with am-
plitudes on the positive real axis. When condition (2.125) is applied in the Fock basis,
the elements of the process tensor 8;?}(” for a phase-invariant process vanish except when

m-n=j—k.

In some cases, the value of the log-likelihood oscillates before converging to the maxi-
mum owing to overshoots. Stabilization can be achieved using the diluted algorithm that
slows down but guarantees convergence [51]]. The operator R, in that case, is modified to

a weighted sum of itself and the identity operator as

R =1 - R+ ul, (2.126)
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where 0 < p < 1. As the value of u increases, the algorithm becomes more and more
dilute, resulting in increased stability but a reduced rate of convergence. One may try to
find the optimal value of u that maximizes the increase in likelihood at the cost of in-
creased computational complexity. Gradually varying the value of u during the iterations

may be justified for some processes.
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Chapter 3

Experiment

So far we have talked about the underlying concepts behind quantum process tomography
(QPT) of photon addition and subtraction without talking about its experimental implementa-
tion. In this chapter, we will see its implementation using a mode-locked Ti:Sapphire laser,
which emits transform-limited pulse{] at ~790 nm with a repetition rate of 76 MHz and a pulse

width of ~1.7 ps.

3.1 Optical Components

3.1.1 Light source

In order to perform QPT, we need to generate single-photon wave packets in a well controlled
fashion and that calls for a numerous limitation on the choice of the light source.

The primary light source used in our experiment is a mode-locked Ti:Sapphire laser (Co-
herent MIRA 900) with its cavity configured so as to obtain transform-limited pulses with a
time duration 7, (full width at half maximum) around 1.7 ps. The pulses were separated by
13.1 ns, implying a repetition rate f,., ~ 76 MHz. Central wavelength (A.) was adjusted around
791.0 nm, and the spectral line width A1 was usually between 0.6 and 0.7 nm - measured using
Pulse Scope autocorrelator and spectrometer.

The MIRA was pumped by a Verdi V-10 laser, which generated roughly 10.0 W of powelﬂ
at 532 nm in continuous wave (CW) mode. The output power from MIRA was ~ 1.7 W with

horizontal polarization and in a TEMO0O mode.

Isignifies a pulse that is as short as its spectral bandwidth allows it to be. In other words, the minimum
time-bandwidth product is achieved.
2 All power refers to the average power, unless mentioned otherwise.



46

Characteristics and requirements of the laser
e Pulse laser implies higher peak power for non-linear process such as second harmonic

generation (SHG) and spontaneous parametric down conversion (SPDC).

o Pulse width broader than 10 ps will result into lower peak intensity and pulse width of the
order of fs can lead to the distortion of the SHG pulse due to group-velocity mismatch

[49].

e The repetition should not exceed the time resolution of the detection system, implying

detector bandwidth > f.,.

e In order to perform experiments, there should be detectors available at A..

3.1.2  Non-linear crystals

Lithium triborate crystal
In order to generate second harmonic at 4 = 395.5 nm as described in section 2.2, we used

Lithium Triborate (LBO) crystal with following specifications.

e Dimension: Length = 17 mm and Width = Height = 2 mm.

e Cutatf =90°, ¢ = 32.7° for phase matching with the pre-decided incoming beam.
e Anti-reflection coating both at 790 nm and 395 nm.

e Type I phase-matching.

Periodically poled potassisum-titanyl phosphate crystal
We used periodically poled potassisum-titanyl phosphate crystal (PPKTP) crystal for SPDC as

described in section 2.2. The crystal has following specifications.

e Dimension: Length = Width = 2 mm and Height = 1 mm.

e Poling period: ~ 9 um.
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3.1.3 Optical detectors

Homodyne detector

We talked about the requirement of homodyne detector (HD) for quadrature measurement in
section 2.4 and here we will see some of the characteristics of the HD used in the experiment
[39].

Some of the important features a HD should have in order to be used in our experiment are:

e High bandwidth and a flat amplification profile within that bandwidth - The high band-
width requirement comes from the fact that a HD must be able to measure the field
quadratures with sufficient time resolution. It must also feature a flat amplification pro-
file otherwise the response of HD to each individual pulse will exhibit ringing, which

degrade the detector’s time resolution and distort the measurement

e High ratio of the measured quantum noise over the electronic noise - Any non-desirable
ambient noises, dark current noises from the photodiodes and the intrinsic noise of the

amplifiers fall under the umbrella of electronic noise, discussed in equation

e High common mode rejection ratio (CMRR) - A HD must have a high subtraction ca-
pability between the two photocurrents produced by the photodiodes. This can be ex-
pressed as a generalized common mode rejection ratio (CMRR) of the balanced detec-
tion [46, 39]. The CMRR measures the ability of the device to reject the classical noise
of the local oscillator [47,140]. High CMRR is difficult to achieve because the response
functions of the photodiodes are not exactly the same. Therefore a pair of photodiodes

with response functions as similar as possible must be chosen.

¢ Quantum efficiency of the photodiodes - The quantum efficiency, 7,,;, is the probability
of the incoming light being converted to measurable signal. In the other words, it is a

quantity defined for a photosensitive device such as photodetector as the percentage of
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photons hitting the photoreactive surface that will produce an electron and hole pair, that

is

rate of signal pulses = 7, rate of photons. (3.1)
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o

=

5 -20

£ -40

2 60

3 -80

>

O 65707580 85

% Frequency (MHz)

b)
‘E .40
5 0
5 -sof B B
o =
; Filtered shot noise
o -60
o
_5_ -70 -
O _go! 13 dB
o LSRRI Ao
+ -90 ‘ |
50 100
Frequency (MHz)

Figure 3.1: a) Response of HD at 100 uW of local oscillator (LO) power, necessary to calculate
CMRR. Grey (top) trace: one photodiode blocked; Black (bottom): both photodiode illumi-
nated. b) Spectral response of HD at 12 mW of LO power. The large peak is a laser repetition
rate. Pink (top): LO Shot noise without any filter; Red (middle): LO shot noise with notch
filter; Black (bottom): Electronic/Dark current noise - as seen on the spectrum analyzer.

While keeping the above criteria in mind, we used the HD with following specifications.

e Wavelength of operation - 791.0 nm.
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3 dB bandwidth - 100 MHz.

CMRR - 52.4 dB.

Clearance - 13 dB.

Photo diode - Matched pair of S5972 Hamamatsu photodiodes with quantum efficiency
of 91% at A = 780 nm and a high cut-off frequency (500 MHz) when the supplied in a

12 V reverse voltage configuration.

The detector was suitably chosen for our requirement and has been discussed in detail in Kumar

et. al [39]].

Single photon counting module

In order to herald the single photon in the trigger channel, we used a commercially avail-
able Silicon avalanche photo diode single photon counting module (SPCM) from PerkinElmer
(SPCM-AQR-14-FC), that features a fiber-optic receptacle pre-aligned to the optical detection
system. It has a quantum efficiency (77,pc,) around 55% at 790 nm and a dark count rate of <
100 Cts/s. With a detection of a photon, a 30 ns wide TTL pulse of > 2.5 V is obtained at the
output, that has a 50 Q load termination.

One major reason for using a fiber-coupled module is that direct (space-coupled) detectors
have a poor mode selectivity, i.e. by accepting photons from numerous spatial, temporal and
polarization modes, they do not provide any means to measure photon statistics restricted to
a single mode. In contrast, a single mode fiber (with pre-chosen characteristics) acts as an
efficient spatial filter before the SPCM. In our experiment, we use a patch-cord (SMJ-3A3A-
780-5/125-3-3APC, from OZ Optics) and first couple the seed beam into this fiber, for reasons

explained in [18].
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3.2 Single Photon Source

In our experimental realization of quantum process tomography of photon addition and sub-
traction, the first crucial steps are to generate single photon added coherent state (SPACS) and
single photon subtracted state. The second part is rather easy to implement experimentally as
compared to the first part because SPACS requires a reliable and efficient single photon source
unlike photon subtraction (see section 2.3). This calls for a complete description of a single
photon source.

Our goal is to generate a single photons at 4 = 791.0 nm such that it can be added to
a coherent state (probe field) in the same spatial mode and in order to achieve this we used
SPDC to convert the photons at 4 = 395.5 nm into daughter photons pairs at 4 = 791.0 nm as

described in section 2.2.

3.2.1 Second harmonic generation

We took a portion of the pulsed laser from MIRA (= 1.5 W, vertical polarization) as shown in
the Fig. [3.2] with the help of HWP1 and PBS1 and then directed toward LBO crystal, which
gave us ~ 250 mW of 4 395.5 nm pump beam (17, goconversion = 20%).

The crystal was kept on a combination of translational and angular stage (not shown in
Fig. [3.2), where we had the option of changing the horizontal and angular orientation of the
crystal. In conjunction with this stage, we uses an in-coupling lens of 100 mm (L1) to focus
the light into the LBO, yielding a Rayleigh length that satisfies the Boyd-Kleinmann relation
[48]], giving the best second harmonic generation [50, 49].

We further clean the mode using a combination of spectral filters (F1) at 395.5 nm (to
eliminate the unused input light due to poor efficiency of LBO), pin-hole (P1) and Iris (I1) as
shown in the Fig. @ Eventually, we obtained ~ 90 mW of 395.5 nm TEMOO mode beam,

which acted as the pump beam for SPDC.
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Figure 3.2: Generation of SHG from laser pump beam for PPKTP crystal using SHG inside
LBO.

3.2.2  Preparation of PPKTP for SPDC

We used the SHG generated (~ 90 mW) from LBO to pump the PPKTP for SPDC and 2 mm
long PPKTP crystal results in to moderate conversion efficiency. However, this conversion is
not good enough to observe the down-converted photons on camera for alignment purposes.
So, we chose an alternative method to align the crystal using a dummy optical beam called
Seed. Using Seed we generated a dummy signal (DFG: difference frequency generation), which

emulated the single photon for alignment purposes.

Seed beam
We took a portion of incoming beam of power ~ 6 mW from MIRA using PBS2 and HWP2
(shown in figure [3.3) and called it Seed.

Seed was used to generate DFG, which helped mode-matching the LO with the future single

photon.
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Figure 3.3: Seed beam.

Mode matching of the seed and pump beam

To ensure a good DFG beam, and consequently a good production efficiency of parametrically
down-converted photons, we need to mode-match the seed beam to the pump beam, in this
way we can find the optimal phase matching conditions of the PPKTP crystal. We perform the

mode-matching on a camera (not shown in the figure) using mirrors M4 and M6 [33]] (shown

in figure[3.7).

SHG from seed

In order to optimize the phase-matching of PPKTP, we changed the polarization of the seed
beam using HWP5 (shown in figure and optimized the second harmonic generation from
PPKTP by changing the orientation and temperature of the crystal. Typically we observed
~ 1uW SHG for the optimized configuration and this method works because both pump and
seed have the same spatial characteristics [18], 50]. Once the crystal is phase-matched, we
changed the polarization back to its original configuration to used later for difference frequency

generation (DFG).
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Difference frequency generation

It is described as the three-wave processes of differencing frequencies between the pump and
seed, i.6. WprG = Wpump — Wyeea. The signal and idler modes were initially assumed to be
vacuum before the nonlinear interaction; instead, if a coherent beam (seed) is injected in the
idler mode along with the pump beam, the spontaneous down conversion process is replaced
by a stimulated one [48] (Fig.[3.4). Then, due to the difference frequency generation process
(DFG), a macroscopic amount of light is produced in the signal mode, which allows an easier
alignment and matching with the LO beam through the adjustment of parameters such as beam
direction, divergence, spatial and temporal width and optical delay. The phase matching con-
ditions of the process also will produce the two beams to have opposite polarizations, while the
undepleted seed beam propagates along the path of the trigger, the DFG will propagate through

the signal channel.

Wore =Wpump - Wseed

Wpump >
Wseed >

Wpump

Wseed

vV VvV

PPKTP

Figure 3.4: Difference frequency degeneration inside PPKTP crystal.

3.2.3 Difference frequency generation (DFG) alignment

Generation of DFG also guarantees the phase matching of PPKTP crystal with the incoming

pump beam for parametric down conversion. The generated DFG can be monitored by placing
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temporarily a beam splitter (BSD) after HWPS to deflect the beam to a photodiode (PD) and
a web cam (C1), shown in the Fig.[3.3] The spatial mode of the DFG should be as Gaussian
as possible and this can be improved by adjusting the orientation of the PPKTP crystal mount.
To avoid leakage of the remaining seed beam into the signal channel, the orientation of the
half wave plate (HWP6) and the quarter wave plate (QWP1) are changed to minimize the
interference produced by the DFG and the seed as seen in the photodiode (PD) placed after
BSD. The final DFG observed was usually around ~70uW. LO must be blocked during this

time.

3.2.4 DFG and LO mode-matching

The characteristics of the DFG beam are critical to the overall success of the experiment due to
its implications on the down-conversion amplitude and down-conversion modes. Furthermore,

a good match of the DFG with the LO entails a higher efficiency of the homodyne detection.

c1 BSD
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F2 HWP6
SIGNAL |
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Y |
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Figure 3.5: Mode-matching between LO and DFG.

To improve the mode-match of the DFG with the LO (now opened), they must be projected

on a web cam (C1) and photodiode (PD), shown in figure[3.5] First the power of the LO must
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be equalized to the DFG one by using the HWP7 and PBS6. Then, the spatial position of
the two beams can be overlapped by adjusting the mounted mirror (M10) and PBS6 [33]. We

typically worked with the interference visibility of > 92%.

3.2.5 Trigger channel

In order to align the trigger channel, we used seed to emulate the down-converted idler photon
in the trigger channel. The seed polarization is chosen horizontal after QWP1 quarter wave
plate as shown in Fig. We couple the incoming seed into optical fiber with the help of
mirrors M12 and M13 as well as fiber coupling stage (FC), the trigger beam waist can be
changed using lenses L20 and L21. We routinely observed a coupling efficiency of ~ 80 %.

In order to remove the unused pump beam after inefficient PDC, we uses an optical filter
(F3) of band width 10 nm and optical filter (F4) of bandwidth 0.3 nm with center wavelength
as 791.0 nm - shown in figure 3.6

We use a SMJ-3A3A-780-5/125-3-3APC single mode fiber from OZ Optics.

After the alignment is done, the seed beam is blocked and the fiber is connected to the

SPCM, where TTL pulse from SPCM is the trigger signal for the digital oscilloscope and HD.

3.2.6 BHD alignment

In order to perform BHD, we take our signal and local oscillator (LO) from the same source,
where local oscillator is always horizontally polarized and signal is always vertically polarized.
We then combine them on Polarizing Beam Splitter (PBS7) followed by a Half-Wave Plate
(HWPS8), which act as a "variable beam splitter” (shown in figure and in this way we can
balance the power in the arms of the interferometer to produce response functions as similar as
possible in the photodiodes of the HD (in the time domain, this means making the photodiodes
produce similar peak-to-peak values and pulse shapes; in the spectral response corresponds to

a reduction in the power of the repetition rate and its harmonics). In addition to a combination
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Figure 3.6: Coupling of seed into trigger channel.

of PBS7 and HWP8, we add a lens (L.19) to focus the beams into the photodiode detection area
- this enhances the efficiency of BHD system because the detection of marginal distribution
depends on how the spatial mode of the mixed beams is detected on the sensitive area of the

detector.

3.2.7 Final setup

At this point all the components are classically aligned and we need to take the measurements.
That requires the blocking of seed (remember, seed is there just for alignment). We uses
a computerized acquisition card for analyzing and storing the data (Agilent Acqiris DP211,
2GSamples/s, 250 MHz). The output signal of the HD is weak and hence we used an amplifier

(ZFL-500LN).
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Figure 3.7: Complete experimental set-up for single photon generation.
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With the signal channel blocked, the homodyne output corresponds to quadrature fluctuations
of the vacuum which can be used to calibrate the detector. The produced distribution is ex-
pected to have a Gaussian shape. The acquired quadrature samples can be normalized (by
varying both the scale and origin) to show an expectation value of 0 and a standard deviation
of 1/ 2.

When the pump and signal channels are opened, the photons in the trigger channel that
are coupled to the SPCM generate count events monitored by a frequency counter to give the
single-photon preparation rate. We regularly obtain rates in the range of 70-90 kHz. It is im-
portant to prevent any stray light influx to the SPCM, as the dark counts lead to an inefficiency
(14-) in homodyne detection. Therefore, the SPCM and fiber are enclosed inside a dark box,
and during the experiment all major sources of light switched off. Dark counts ~ 1kHz are
usually observed.

The entire set-up is shown in Fig.

3.2.8 Detection and measurement

In this section we will deal with light at a quantum level (the alignment procedure was per-
formed with macroscopic amounts of light). The two main devices used for the detection and
measurement of the state were the single-photon counter and the HD.

The homodyne detector enables us to gather quadrature ensembles of the quantum state in
the signal channel, which is triggered from the SPCM in the idler channel (shown in figure[3.7).
A software program captures data segment of length 128 ns each (roughly 9 pulse-periods),
centered at the triggered pulse. For single-photon Fock state, all but the 5th pulse correspond
to vacuum fluctuations. We acquire N = 10° segments of 9 pulses each. The acquired data split
into two files, containing N X 8 vacuum quadrature and N single-photon quadrature samples,
respectively. By applying the appropriate rescaling (dependent on the vacuum calibration) to

the experimentally obtained values of the variance of the single-photon Fock state, it is possible
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Figure 3.8: Pulsed homodyne output. The single photon quadrature information is contained
in the middle pulse, which corresponds to a triggered event.

to calculate the overall efficiency of an acquired dataset [20]. With a high photon-production
rate and the fast acquisition card, we can thus maximize the overall quantum efficiency 7,¢¢ of
the single-photon Fock state in real time. Once we have a certain 7,7, we can maximize this
value by improving the signal-LO mode matching by tracking its effect on 7,7 in real time
while performing the experiment.

Following steps can be taken to improve 7, (see figure :

e The visibility between the signal and LO field can be improved by walking the signal
beam with mirror M10 and PBS6 as well as by changing the LO path length with prism

T3.

e The fiber coupling can be changed by slight changes on the optical components of the

trigger channel.

e Slight change in the orientation and the temperature of the PPKTP crystal can also in-
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crease the 7, because of change in the phase-matching conditions, affecting the modes

of the signal and trigger fields.

3.2.9 State reconstruction

To reconstruct the quantum state we need marginal distributions acquired for different phases
(0) of the quantum state. Once the phase-quadrature pairs are available, the complete informa-
tion about the state of the system can be extracted using the maximum-likelihood estimation
method (see section 2.5) [31,41]. In our case, since the single-photon Fock state is insensitive

to phase variations, there is no necessity of controlling 6.

Marginal distributions (Quadratures)

We collected thousands of 9 pulse segments (8 vacuum and 1 single photon). By integrating
over time intervals inside the pulses the software controlling the acquisition card generates the
marginal distributions for vacuum and single photon from the data point distribution inside the
selected regions [20]]. This homodyne data can be processed to perform state reconstruction of

the single-photon Fock state

Density matrix and Wigner function

After processing the data and applying the maximum-likelihood algorithm to it, we obtained
the density matrix for the quantum state of the light field measured by the HD, that describes the
observed quadratures to the best possible extent. From this density matrix the Wigner function
of the state can be subsequently reconstructed. Both the density matrix and the reconstructed
Wigner function are shown in Fig. Experimental losses such as optical, detector and mode-
mismatching lead to the reconstruction of a statistical mixture of the single photon and vacuum.
This implies that, the total efficiency obtained for the production and detection of a single
photon with this experimental setup was of 7,s = 58%.

In our reconstruction algorithm we truncated the optical Hilbert space in the Fock basis to
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Figure 3.9: (Left) Wigner function. (Right) Density matrix for .;s = 58%

a photon number of 4. The numerical value of density matrix elements are: poy = 0.4114,
o1 = 0.5800, pyy = 0.0061, p33 = 0.0013, psyy = 0.0012

Despite the overall efficiency of 58%, we were able to measure a state similar to a single
photon Fock state with remarkable non-classical features, in particular the central dip in the
reconstructed Wigner function. Now, once we have a characterized our single photon source,

we can move on to the QPT.

3.3 Quantum Process Tomography

Following the discussion of section 2.6, we need to experimentally estimate the process tensor
of quantum black boxes using Maximum likelihood estimation. In this thesis, we have esti-

mated the tensor for two “black boxes” (quantum process) - photon addition and subtraction.

3.3.1 Experimental implementation of photon addition

Once we have the single photon source, getting a single photon added coherent state (SPACS)

is somewhat straightforward. We just need to have a source of coherent state (probe field) in



62

the same spatio-temporal mode as in the single-photon, which we can get if we would take a
portion of light beam from the local oscillator (LO). We have seen before, LO is temporally
and spatially mode matched with the single-photon and if we would take a portion of LO as
a probe field then we do not have to worry about its mode-matching with the single-photon.
The experimental set-up is similar to the one we have for the single-photon experiment in
the previous section except for one extra portion in this configuration, where we included a
source of coherent state into the PPKTP crystal (shown as blue-dashed block in figure [3.10).
Coherent states are simply obtained by splitting off a portion of initial LO using Half-Wave
plate (HWP4) and PBS (PBS3). We also have a combination of PBS and LO in the coherent
channel (not shown in Fig. [3.10) which enables us to change the amplitude of coherent state
entering into the PPKTP crystal.

We used the same primary laser source, a mode-locked Ti:Sa laser emitting ~ 1.7 ps pulses
at a repetition rate of 76MHz. Single-photon addition is experimentally implemented in a
conditional way, heralded in trigger channel using detector (SPCM, an avalanche photodiode
which can discern there being photons from no photons, Fig. 3.10). We have seen in the
section 2.3.1 that such a scheme is a very faithful implementation of the ideal singlemode
photon addition operator for states with low mean photon numbers. The resulting states are
then analyzed by a balanced homodyne apparatus (BHD) working on a pulse-to-pulse basis
triggered by the SPCM detectors. The signal state is mixed with a strong reference coherent

field (the local oscillator (LO) a portion of the laser output) on a 50:50 beam splitter (PBS6).

Measurement and result

We took the measurement for five different values of @ and they are @ = 0, 0.23, 0.32, 0.61 and
0.87. Table. [3.1] has the elements of density matrices for different alpha values. Even for a = 0,
we have a mixture of vacuum and single photon because of losses in our experimental set-up

(see previous section). Losses are discussed in detail in the next subsection.
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Figure 3.10: Complete layout of experimental set-up for photon addition.
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Table 3.1: Density matrix elements for different alpha values, displaced to the origin.

a Poo P11 Po1 P10 P2
0.0 0.45 | 0.533 | 0.006 | 0.006 | 0.013

0.23 | 0.503 | 0.482 | 0.185 | 0.185 | 0.012
0.32 | 0.521 | 0.466 | 0.245 | 0.245 | 0.011
0.61 | 0.583 | 0.406 | 0.286 | 0.286 | 0.008
0.87 | 0.656 | 0.334 | 0.318 | 0.318 | 0.008

In Fig. 3.1 we can see the different Wigner function for different alpha’s and can observe
the effect of increasing @, with increasing the value of alpha the dip in the Wigner function

decreases and state becomes more classical.

Figure 3.11: The Wigner functions of coherent states of different amplitudes subjected to the
photon creation operator; All of them are displaced at the origin.

3.3.2 Experimental implementation of photon subtraction

The idea behind this experiment is similar to photon addition and that implies, we have used
a portion of the experiment such as LO, BHD, Trigger channel and coherent state as an input

probe state. One major difference is that we did not use down-conversion at all.
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We have used the same laser and set-up to maintain the consistency throughout the experi-
ments — a mode-locked Ti:Sa laser emitting ~ 1.7 ps pulses at a repetition rate of 76MHz
(Fig. [3.12). Single-photon subtraction is experimentally implemented in a conditional way:
a high-transmissivity BS is placed in the path of the light field and the quantum operation
succeeds each time that an on/off detector (SPCM, an avalanche photodiode which can discern
there being photons from no photons) fires in the reflected mode (Fig.[3.12)). We have discussed
in section 2.3 that such a scheme is a very faithful implementation of the ideal single-mode pho-
ton annihilation operator for states with low mean photon numbers and for low BS reflectivity
[3]. The resulting states are then analyzed by a balanced homodyne apparatus (BHD) working
on a pulse-to-pulse basis triggered by the SPCM detectors. The signal state is mixed with a
strong reference coherent field (the local oscillator (LO) a portion of the laser output) on a
50:50 beam splitter (PBS6).

Coherent states are simply obtained by splitting off a portion of initial LO using Half-

Wave plate (HWP4) and PBS (PBS3). We employed the similar method of BHD to gather the

Figure 3.13: Wigner function of the output state for arbitrary «

quadrature values of the output state for different values of . However, unlike single photon
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or SPACS case, photons in the signal and idler channel are not correlated. In other words,
irrespective of value of « for the input states, the quadrature statistics of output states will look
like a vacuum states (which is just a displaced coherent state). Fig.[3.13]is the Wigner function

for an arbitrary . This proves, a is an eigen state of | ).

3.3.3 QPT results

The processes we study are non-deterministic, and their probability of occurrence depends
on the input state. Accounting for this dependence is crucial for the correct reconstruction. In
csQPT, this is done by renormalizing the process output for the probe states so that Tr[E(|a) (a])]

in Egs. (2.99|and (2.100)) is proportional to the probability of the heralding event [8]. To illus-

trate the role of this step, let us review Eq. for the photon annihilation operator, such that
E(la) (al) = |af* |a) {al. If the coeflicient |a|?, responsible for the non-deterministic nature of &
, is neglected, we would obtain the identity process. We see, remarkably, that the "lowering”
feature of a arises in csQPT entirely due to the variation of the event probability as a function
of the probe amplitude, rather than transformation of the probe state itself.

The information on the heralding event probability is obtained by keeping track of the

photon count rates for various input states. Theoretically, we expect these rates to behave as
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Figure 3.14: Event count rate for the photon creation (a) and annihilation (b) operators as
a function of the input coherent state amplitudes. Fits are according to Aa? and B(1 + a?),
respectively, with A and B being the fitting parameters.
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(see section 2.3.1 and 2.3.2)

pr,(@) o« (ald'ala) = a*;  pry(@) < (aa’ |a) = 1 +a’. (3.2)

The experimentally observed dependencies are displayed in Fig. Fitting the horizontal
scale of the plot of the count rate for the photon creation operator allows us to calibrate the

amplitudes of the probe coherent states (next section).

3.3.4 Amplitude calibration of coherent state

The experiment involves coherent states of extremely weak amplitudes. These states are gen-
erated by a series of variable attenuators, each made up of a half-wave plate and a polarizer.
While ratios of these amplitudes are precisely determined by the orientations of these wave
plates, evaluating their common scale factor is a challenge. In homodyne tomography exper-
iments, a convenient gauge is provided by the quadrature variance of the vacuum state. By
comparing the phase-dependent quadrature noise statistics with this variance, one evaluates
the amplitude. In the present experiment, it is not possible for the following reason.

Due to imperfect subtraction of photocurrents in homodyne detector, the output electronic
signal of the broadband balanced detector used in this experiment features a strong, fluctuating
component at the repetition frequency of the master laser pulses [39]. This component had to
be suppressed by means of notch filtering. As a result, all quadrature measurements associated
with a heralding event become displaced by the average quadrature value of the neighboring
unheralded pulses.

This displacement must be accounted for when processing the data. Because the proba-
bilities of the photon creation and annihilation events in our setup are relatively low, we can
assume that the state propagating through the black box when the single-photon counter does
not “click” does not get modified. Accordingly, the unheralded events correspond to coherent
states that have undergone transformations with the identity process in place of the photon cre-

ation and annihilation “’black boxes”. The amplitudes and mean quadratures of these coherent
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states are readily calculated from the amplitude of the coherent state |a) at the process input.

This latter amplitude is, in turn, evaluated by fitting the photon creation event rate as a func-

tion of the target coherent state amplitude. We know the count rate should be proportional to

(1 + @?) (from (3.2))), so once we know the relative count rates we can calibrate the o values

associated using (1 + a?).

We can also calibrate the alpha values from the states itself. For example, we know the

theoretical dependence of density matrix elements on alpha and this dependence can be fitted

with the experimentally obtained density matrix elements (shown in figure and [3.16)).
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Figure 3.15: Theoretical dependence of pyy element of density matrices for photon added states
on alpha fitted with the experimentally obtained p(, elements density matrix.
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Figure 3.16: Theoretical dependence of py; element of density matrices for photon added states
on alpha fitted with the experimentally obtained p(; elements density matrix.
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Process tensor

The diagonal elements & of the reconstructed process tensors are shown in Fig. and
[3.19] These elements permit straightforward interpretation: they give the probability that the
output of the quantum “’black box” contains k photons when the m-photon state is present at
the input. According to Eq. , we expect (&))" = moy -1 and (&))" = (m + 1)6x ms1. The
experimental result is consistent with this expectation and explicitly features the “raising” and
“lowering” properties of a' and a. For input state |m), the output state is similar to |m + 1) for
operator @' and |m — 1) for operator & . The height of the bars in the plots increases linearly
with m, which is associated with the squared factors Vm + 1 and +/m in the right-hand sides of
Eq. (I.1). The imperfections visible in the evaluated tensors are likely due to the oversimplified

modeling of the experiment in the process reconstruction.

Experimental imperfections
The models used to account for the experimental imperfections are shown in Fig. For
the process associated with operator a, the detrimental effects are the linear losses, non-unitary
quantum efficiencies of the homodyne detector photodiodes, electronic noise of the homodyne
detector [38] and mode-mismatch between the process output mode and the local oscillator.
All these effects can be modeled by an attenuator with transmission n; = 0.72 placed after
an “black box” containing an ideal photon annihilation operator [Fig. [3.17(a)]. Accounting
for linear losses in maximum-likelihood homodyne reconstruction is a well-known technique,
which consists of modifying the measurement operator associated with detecting field quadra-
ture values [7, 41, 9] (discussed before).

For the photon creation, accounting for the imperfections is more complicated, because
one needs to take into account mode mismatch between the signal mode of parametric down-
conversion and that of the probe field. Accordingly, the model consists of a Mach-Zehnder in-

terferometer, and an ideal photon creation operator is placed into one of its arms [Fig. b)].
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Figure 3.17: Model of experimental imperfections for the photon annihilation (a) and creation
(b) setups.

The interferometer is aligned for constructive interference in one of the outputs. The splitting
ratio of the interferometer can be determined by analyzing the reconstructed process output
when the probe is in the vacuum state. With a high precision, it is a statistical mixture of the
single-photon and vacuum states [20]], with the single-photon fraction equal to n;7, = 0.55.
Knowing that n7; = 0.72, we conclude that 1, = 0.76.

With this model, if the coherent state entering the interferometer is |y, ), the state entering
the ”black box™ is |a) = | \/%a/mit>. The output of the “black box” undergoes transformation
that is equivalent to a linear loss channel with transmissivity 77,7, followed by phase-space
displacement by AX = \/ﬂ (1 —1m2)ain;. While the linear loss can be accounted for by the iter-
ative algorithm, the displacement must be undone by modifying the measured quadrature data.
Specifically, we subtract AX cos 6 from each experimentally measured sample of quadrature
observable Xg = X cosO + Psin®, where 6 is the local oscillator phase. The modified values

are then used as input for the iterative algorithm.

Photon addition

We implemented the csQPT on Photon addition for five different set of @ values (0, 0.23,
0.32, 0.61, 0.87). For each input probe state, the output state dataset consisted of 100,000
quadratures and phases point X, 6. This set of data was subjected to the reconstruction method

using Eq. [2.103] We observed a combination of losses (mode-mismatch, optical and detector
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loss) with niggs, ; eee = 0-45.

The result obtained by running the reconstruction technique is a 4-dimensional process ten-
sor whose diagonal elements have a simple interpretation. The diagonal element &;}" denotes
the probability that the output contains k£ photons when the process is subjected to m input pho-
tons as shown in the Fig.[3.18] Fig.[3.18]also includes the diagonal elements of the theoretically
reconstructed process tensor and it exhibits a close match with the experimental reconstructed

process.
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Figure 3.18: The “diagonal” value of superoperator &;;" for Photon addition. (a) From ex-
perimental data with correction for losses. (b) From monte-carlo simulated data without any
loss [9]]. (c) From experimental data without correction for loss. Each color corresponds to the
photon number distribution in the output state for the Fock state |m) at the input.

Photon subtraction

We implemented the csQPT on Photon addition for five different set of a values (0, 0.22,
0.33, 0.61, 0.86). For each input probe state, the output state dataset consisted of 100,000
quadratures and phases point X, 6. This set of data was subjected to the reconstruction method

using Eq.[2.103] We observed an optical and detector loss of 28%.
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The result obtained by running the reconstruction technique is a 4-dimensional process ten-
sor whose diagonal elements have a simple interpretation. The diagonal element &;}" denotes
the probability that the output contains k£ photons when the process is subjected to m input pho-
tons as shown in the Fig.[3.19] Fig.[3.19|also includes the diagonal elements of the theoretically
reconstructed process tensor and it exhibits a close match with the experimental reconstructed

process.
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Figure 3.19: The “diagonal” value of superoperator &" for Photon subtraction. (a) From
experimental data with correction for losses. (b) From monte-carlo simulated data without any
loss [9]. (c) From experimental data without correction for loss. Each color corresponds to the
photon number distribution in the output state for the Fock state |m) at the input.

Performance test

The consistency of the estimated process tensors with those theoretically expected can be quan-
tified using the fidelity benchmark. Figure [3.20] shows the worst-case fidelities between nor-
malized states &, 4+ () (Yl) and a, a' [y of the reconstructed processes Eaat (W) (Yl) of photon
annihilation and creation, respectively (see equation (3.3))[52]. The fidelity is evaluated for

the processes applied to pure quantum states within subspaces of the optical Hilbert space (H)
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Figure 3.20: Worst-case fidelities for the photon annihilation (solid line) and creation (dashed
line) processes acting within subspaces H(n) of the optical Hilbert space.

spanned by number states [1)...|n) and |0)...|n — 1), respectively, with n ranging between 1
and the number of photons in the reconstructed tensor, n,,, = 6. The fidelities decrease with
increasing n because for high photon-number states, the overlap with the probe states is low
and hence the experimental data does not provide sufficient information about the effect of the

process on these states [9]. The worst-case fidelity is defined as

Far = weﬂr(l(f)l,if:m_lflﬁml St (W)W Wi (3.3)
Fo = min (Y| Sa(l) WD) [Wan)- (3.4)
¥ € (L, )

In order to find the worst-case, we minimized over H(0, n,., — 1) for photon creation
and H(1, nyax) for photon annihilation through a Monte-Carlo simulation, which involved
introducing small random changes in |¢/) and accepting the change whenever the value of the

fidelity decreases.
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Chapter 4

Summary and Future Possibilities

In this thesis, we have demonstrated an experimental implementation of quantum process to-
mography for photon addition and subtraction operator. Since these two processes are trace
non-preserving operators, we have approximated their implementation in the framework of
deterministic Hamiltonian evolution of a physical system. Implying, the action of operators
occurs with probability less than one, but is heralded by a classical event. Implementation of
photon addition was more challenging because it required to have a reliable and efficient single
photon source, where we used a conditionally prepared single photon source with an average
fidelity of 55%.

The combination of a high preparation rate, a fast acquisition system both in counting
photons and measuring signal-quadratures samples in time domain permitted an improvement
of overall efficiency of the process. An elaborate scheme to analyze the black box by probing
them with coherent states (weak laser pulses) of different amplitude and measuring quantum
fluctuation of the output electromagnetic field was implemented. Using the experimentally
obtained process tensor, we can now predict the effect of black box for any arbitrary state of
light within a practically relevant subspace of the optical Hilbert space. The reconstructed
process tensors exhibit “raising” and “lowering” properties of these operations - this is first
experimental implementation in which complete tomography of trace-non-preserving quantum
processes has been carried out.

With the implementation of QPT for photon addition and subtraction operators, we have
achieved an important milestone in the fundamental quantum optics - these operators effec-
tively define today’s quantum optics as we know it. This idea behind this work can be extended

to other physical processes such as quantum process tomography of controlled-NOT gate [53]]



and characterization of quantum memory.
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